Tomes 14 Novembre 1976 Numeros 3-4

w B

L.2a mer

w51 4 11 A
H L # ®# F =

La Sociéete franco-japonaise
d’oceanographie
Tokyo, Japon



ZRAR S B GRREKEXR®E '

E B EFSEF CGER®) HE £ ERKERE HHEHEX GIERKEAR®) XA E
(REUKERE) @ £ GRERE) REEAER EREMNAY) ERsh (KEWE
B &ATE GRRAEARY BEE= (ELEFAER EXEE BEREXY F¥
R GRRKER®) BEIR— L B GUERKERD

# B #® =

1. BHXOBMBRIELLERCRS,

2. ERBREBEChNrIRTEE, NEYSOTHHN- YT 12 R=CLURAYERNET 3, B (E
13E, B1@R, (TIODHRERSTREREEBRTG2-3 BLLEA BLEAZELRETZELMHC
ErT L,

3. RMEZELR, BRI VEROTHOMBITERXTS & L4235 5,

4. WX RX, FXXE D) iZud# 200 BOEX (F72iTL) O Abstract (Résumé) #2105 2 &,
BROCRR S 23S UML) D Abstract (Résumé) D3I 434 500 FORMXDOER® DT 5 &,

5. HRURRLELIOOACEZ, MIZFOEFERTRALBZLIICHBREEZERLCHACES v 7
TEX, AXONRURCELTEL RLID DHEEXDTBZ &,

6. FWKREAE UCTEZBTS,

7. BT IFLOE 50 O EE CEZCEET S, TRU LML TR, B8 G
&) REENAET S,

Rédacteur en chef Yutaka IMAMURA (Tokyo University of Fisheries)

Comité de rédaction Michihei HOSHINO (Tokai University) Makoto INOUE (Tokyo University
of Fisheries) Yoshimi MORITA (Tokyo University of Fisheries) Tadashi
NAGATA (Tokyo University of Fisheries) Minoru NISHIMURA (Tokai
University) Gohachiro OSHIBA (Showa College of Pharmaceutical Sciences)
Yoshio SUGIURA (Meteorological Research Institute) Kazunori TAKAGI
(Tokyo University of Fisheries) Kenzo TAKANO (Institute of Physical and
Chemical Research) Masahide TOMINAGA (Kagoshima University) Yutaka
UNO (Tokyo University of Fisheries) Seiichi WATANABE Isamu YAMAZI
(Tokyo University of Fisheries)

RECOMMANDATIONS A L’USAGE DES AUTEURS

1. Les auteurs doivent é&tre des Membres de la Société franco-japonaise d’océanographie.

2 Les notes ne peuvent dépasser douze pages. Les manuscrits 4 deux exemplaires, dactylo-
graphiés sur papier fort, doivent étre envoyés au Comité de rédaction de la Société franco-
japonaise d’océanographie, c/o Maison franco-japonaise, 2-3 Kanda, Surugadai, Chiyoda-ku,
Tokyo, 101 Japan.

3. Le Comité de rédaction se réserve le droit d'apporter, le cas échéant, des modifications
mineuses aux manuscrits ainsi que de demander aux auteurs de les corriger.

4. Des résumés en langue japonaise ou langue frangaise sont obligatoires.

5 Les figures au trait seront tracées i ’encre de Chine noire sur papier blanc ou sur calque.
Les légendes des figures et des tableaux sont indispensables.

6. Les premiéres épreuves seront corrigées, en principe, par les auteurs.

7. Un tirage a part des articles en cinquante exemplaires est offert gratuitement aux auteurs.
Ceux qui en désirent un plus grand nombre peuvent les faire établir 4 leurs frais



La mer (Bulletin de la Société franco-japonaise d’océanographie)
Tome 14, N°® 3-4, pp. 101 4 124, Novembre 1976

An Attempt to Determine the Surface Contours of
the Oceans on a Rotating Globe*

Koji HIDARA**

Abstract: Very few attempts have been published to compute the form of the sea surface
on a spherical earth, corresponding the distribution of wind stress over the oceans. The
present paper deals with this problem, use being made of the spherical polar coordinates
employed in astronomical computations. The effect of density of sea water on the wind-
produced surface form is also taken into consideration. The result is applied to the oceans
bounded on both coasts by two meridians extending from north pole to south pole. The
longitudinal difference is assumed to be 60° and 180° (complete meridian) apart in the two
cases, the former approximately corresponding to the Atlantic Ocean and the latter to the
Pacific. The elevation or the surface contours of the sea surface counted above a particular
level surface is worked out for the ocean bounded by meridians A=0° and 4;=60° in the
narrower ocean and A=0° and 2;=180° in the wider ocean bounded by a complete meridian.

The results agree approximately with the former experimental results.

1. Introduction

At the beginning of this century, V.W.
ERMAN investigated on Nansen’s suggestions
(NANSEN, 1902) the problem of wind-produced
ocean currents mathematically, and propounded
his theories of ocean currents (EKMAN, 1905).
However, his theory assumes that speed of the
earth’s rotation is everywhere constant. This
assumption will be valid only when it is con-
sidered that the motion takes place in an area
in which the variation of geographic latitude is
not large, or when the area of the sea under
consideration is not wide enough. The situation
is something like the motion on a rotating
disc or areas close to the poles. Theories by
a number of physical oceanographers followed
Ekman’s.

As a compromise between Ekman’s theories
and similar and actual situation of the pheno-
mena, has been used afterwards the g-plane
approximation. This implies that the angular
velocity of the rotation varies with the latitude.

. . d .
In this case, the quantity d—(Za) sin ¢) where

¢ is the latitude and y the coordinate axis taken

* Received June 5, 1976
** Ocean Research Institute, University of Tokyo,
Minamidai, Nakano-ku, Tokyo, 164 Japan

northward positive, was represented by B.
However, in most cases, 8 is assumed to be a
constant instead of actually being cos@. This
assumption will not be unreasonable where
is approximately a constant as it actually- is
near the equator, but become smaller at higher
latitudes, so that, it will not be reasonable to
assume S to be a constant through all latitudes
from the equator to the poles.

The stationary motion of water in an ocean
on a rotating globe was first solved by G. R.
GOLDSBROUGH (GOLDSBROUGH, 1935), when
the water is of uniform density. He treated
the water circulation generated by a wind system
whose stream lines are represented by a surface
spherical harmonic. He also treated the circu-
lation generated by evaporation and precipi-
tation (GOLDSBROUGH, 1933). However, he
obtained no information on the elevation of
sea surface which may be set up by winds and
have a close connection with the ocean currents.
In one of the previous papers, the author
computed the deformation of ocean surface
induced by prevailing winds, use being made
of rectangular coordinates (HIDAKA, 1954). The
result was much unrealistic, the sea surface
falling almost 50 meters from the equator down
to both poles.

1)



102

No physical oceanographer tried to follow
GOLDSBROUGH in theoretically determining
the deformation or slopes of sea surface on a
rotating globe, although this is a very important
problem in dynamical oceanography.

In the present paper, the author intends to
solve the relation in a steady state between
the ocean currents or mass transports and the
slopes or elevation of the sea surface produced
by prevailing winds sweeping the surface of
the sea, or in balance with mass distribution
inside the water below the sea surface.

This is an attempt to determine the form of
sea-surface on a rotating globe which balances
the wind stress on the former and the mass
distribution in the sea water on a rotating globe
in a steady state. The non-linear field accele-
rations and thermodynamic processes are not
taken into account.

2. Equations of motion on a rotating globe
.~Employ the spherical polar coordinates used
in-tidal theory, or the co-latitude @, longitude
A and vertical coordinate =, The co-latitude is
an angle increasing from:#=0 at the north pole
along the meridian southward to the south pole
where #==. The longitude 1 is identical with
the geographic longitude. The vertical coordi-
nate z is counted vertically downward from a

North pole

South pole

Fig. 1. Coordinate system to be used in
the present paper.

(
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particular level surface or an equipotential
surface.

The ocean under consideration is assumed to
be bounded by two meridians and to extend
from the north pole to the south pole. The
depth of the ocean or the level at which there
is no motion of water is assumed to be a
constant.

The distribution of wind stress will be given
by the stress components 748, 2) and (6, D)
where the former being directed southward
positive, while the latter is understood positive
when directed eastward.

The density of the sea water is given by
0(0,2,2) and can be determined from obser-
vations. It varies ‘as a function of #,2 and =z.

The velocity components of the motion of
water are u, v and w, which are counted
positive in the direction in which 6,2 and 2
increase. Thus = is positive southward because
the co-latitude @ increases southward.

The form of the sea surface is given by

g=—_ @)

where { is counted positive upward from the
level surface =0 (equipotential surface).

If V represents a quantity which varies in a
three-dimensional space, and df, dA and dz
the line-elements in which co-latitude, longitude
and vertical line elements increase, the hori-
zontal mixing of the quantity V will be repre-
sented by the expression:

A _8__<~ 0..?1)
N A VAT
o[ oV
+ﬁ’<sineaz>} (2)

where A; is the horizontal eddy viscosity, 8 the
co-latitude and A the longitude, while the verti-
cal mixing will be represented by

A 0 f , . 6V),_ v
r2sin @ 57(r sin 0 or '"“Az.azz ‘

APV =

(35

where A, is the coefficient of vertical mixing.
Thus the mixing terms on a rotating globe are

A o) k)
r2sind L 90\"" " 36 )" A\ 'sin 694
v
A (4)

)
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where A; and A. are the horizontal and vertical
coefficients of eddy viscosity respectively.
However, it is sometimes difficult and time-
wasting to solve the dynamical equations for
the. expression: (4) for turbulent mixing as they
stand. And it is often very,useful to adopt an
assumption that the horizontal mixing is simply
proportional -to - the. horizontal velocity com-

ponents. In such cases the mixing terms may
be simply given by
: R PAvd
7 0 Y
-~V A 5
sin2 0 i+ e (5)

where 72 i3 a positive constant.

The sin?f in the denominator is adopted
because a 51m11ar tendency is noticed in the
expression (5) {

As to the friction constant y?
have been tested, the average of the most
probable values being r*=10"%c.g.s. (GULDBERG
and MOHN, 1877; STOMMEL, 1948; YOSHIDA
et al., 1953; WYRTKI, 1956; HIpAKA, 1963).
For this reason the value

EE

, several values

72=10"%c.g.s. (6)

were adoptcd

It is not’ impossible to employ the mixing
terms of the form (4) in our work. However,
the form (56) will be adopted in this report
exclusively for the above reason.

3. Liberation from zonal harmonics

Suppose u, v and w are the components of
velocity of water in the directions in which 6,
A and z are increasing, @ the angular velocity
of the earth (0.00007292 sec‘l) g the gravity,
o(f, 4, z)=p the density of sea water, and R the
mean radius of the Earth (R=6.3712x 108 em).

The terms of vertical mixing are given by

1 0 Ou ou
r?sin @ ar(A” Smo‘a“) 0z <A b?)’ )

1 0 O0v 0 v
r2sin @’ 0r <Az rsin ¢ T) 0z (Azﬁg

(SN

where A, is the coefficient of vertical mixing.
The equations of the pressure will be given by

dp=gpdz (8%

where o is a function of 6, 2 and 2z or p(0, 4, =).
By integrating this equation with respect to =
and further differentiating it ~with respect to &
and A, it will follow

_ ap 9P 8C
R sin 662 " Rsinf oA
g L
Rgobmﬁ o7 P64 m’“ o
_ 0 g BC i
RGO R 00
- flgz 900, 2, )d=

/

where po means surface density of sea water.
Substituting (9),,in the equations of motion
together with the terms of Coriolis forces, there
comes out the equations of :motion as“follows
(cf. ‘Horace ‘EamMB, Hydrodynamics 5th Ed.,
1930 §§213, 366b; 6th.Ed., 1963 §§213, 366c)

L2 b
— »»—,~C;-=ru+ <AZO >+2a>pwsﬁv .-

sin? @
__@oac B
Rsind 04 P

%
z

.,gzg
R Jpsin 6 aa

2 i
_ :rf"ﬁ E)az (A,ii}>—2cf)p cos Gu

gpe 9

R 00
20
‘ggzg 9,
R 0 86
Integrate these two equations with respect to
‘wfrom 2=+ to z=h, where h is the depth
s

of the sea, supposcd tertatively a constant.
Define the mass transport M(u, A) such that

My, =My, H—iM(n, ) (A1)

2 o0, 2, ~)d;78
e

(0, A, 2)c 2:0’

PR

where
cos =y, sin = (ll—/ﬂ)‘ 2,
and —sin 9 ci'O d,u a2

.and its components such thavtw

A e i
M(p, H= { pudz, ",
| o (13

, M;(#,@:S pvdsz .
0
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Then the two equations of motion (10) can be
combined into a single equation with M(y, 2)
as the dependent variable so that

—7*M+i-200(u— )My, A)
+(A = AD{zalu, H—i-tly, D}

bl 0
_ el s Y
{(1 EENE i1 ) aﬂ}

gooh 5 g -
< { B 2+ Lt =0, ()

where
h
T, D= So<h—z>p<ﬂ, Aode. (15

If we write

L H=Es, x>+p71hﬂ<ﬂ, D, a6

where &y, 1) is the elevation of water surface
in an ocean of uniform density, and {(g, 1) that
of heterogeneous ocean, the equation (14)
becomes

="M+ 200(u— )My, 1
+ (1~ DT, D— vy, D)

9ok [ 08
R {(1 SRy

In a uniform ocean, p=a const., giving
Iy, Z)Z%phz———a constant, (18)

so that it is only necessary to replace & by ¢
and to solve the equation (17).

Now consider how to transform the successive
terms in (14) or in (17) and to expand these
terms in series of zonal harmonics Pn(y) (=0,
1,2,3,..).

In order to integrate the linear partial differ-
ential equation (14) or (17), let

M, D= 2 Ma(D-Patd,  (19)

e D=t D= T X+ i¥u)Pal), (20)

where
1(1
Xnti¥u= 2 (eito, D—icv, DIPaGID
-1 i3
and

This means that the surface form can be known

by determining the coefficients Zo, Zi, Zs, &, ...

. 0C
1 — 232 =20 3
L= Qa} =0. an in the expression (21). Then it follows from (19)

i 200(p— 1) My, 2)
=7:200 5 Mu(D)+(tt— )P
m=0

. it B (m—2)m—1)m
= 2“"’,,,“101”’"“)[ @m—3om—Dm D "
+{ m_m m(m+1)? _ (m—17m }Pm .
2m+1  Cm—D@2m+12 @Cm+12@Cm+3) (@2m-—3)(2m—1)2m+1) -
WECSR. il Mt Ap,
2m+1  Cm—-1DCm+1?  Cm+1322m+3) ©Cm+1)2m+3)2m+5)
_ (m+1)Ym+2)(m+3) P }
Cm+1D)2m+3)2m+5) ™"
o 2T (mt1Xm+2)(m+3)
= 2“"’m§0 2m+3)2m+5)2m+17) Mo o2
m—+1 (m-+1)% (m+1)Ym+27? m¥(m+1) Mo (A
+{ 2m+3  Cm+D@2m+3?  2m+32Cm+5  (Cm—1)2m+1)(2m+3) } milD)
_m (m—1)2%m m3 _ m(m+1)? p
* { 2m—1 (@2m—3)2m—17 (Em—17Cm+1) Cm—1)@2m+1)(2m+3) }M’"‘l( )
_ (m=2(m—DLm . 22
@m—5)2m—3)2m—1) Mm‘aa)] Pulys) @2

4
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This is the expansion of Coriolis coefficient
in a series of zonal harmonics Pn(z), if multi-
plied by Z<2wp. An approximate value for

20p=1.03x14. 584 %1075
=15.0%x1073

very closely. This value will be exclusively

20p is used in the coming discussions throughout.
Further
A= )wa(4, ) —it (4, w}

= Zi (Xm -+ Ym)+ (L= 1) Pu()

=5 __ (m—=Dm

= nng'm,"'ZYm> |: (2m Dm 1) P _o(1)

(m+1)? o oy (m+1)(m+2)
+{1 2m— l)(2m+1) (2m+1)(2m+3)}1 n(t2) @2m+1)2m+3) ) ’“"‘(/‘)J
0 +0.666667(Xo+:Y0)—0.133333(Xe+:Y2)} Po(t)

+ { —0.666667(Xo+7Yo) +0. 476190( X2+ Y2) —0. 190476 (Xs+: Ya) } Pa(t)
+{—0.342857(Xz+7Y2) +0. 493506 (X444 Yys) —0. 209790( X6+ Yo) } Pa(1t)
+{—0.303030(X4+7Ys) +0. 496970( X+ Ys) —0. 219608(Xs+7 Ys)} Pe(1t)
+ ...

+{ 0 +0.400000(X:+:Y,) —0. 171429( X3+ Ya) } Pi(p)
+{~0.400000(X; +:Y1) +0. 488889( X3+ 7 Ys) —0. 202020( X5 +4 Ys) } Ps(w)
+{-0.317460(X5+7Y3) +0. 495726 ( X5+ Y5) — 0. 215385( X7+ Y2)} Ps(1)

+. ..

where Xn’s and Y,’s are constants.

For simplicity Xo(A), Xi(4), X2(1), ... and
Yo(A), Yi(A), Yo(2), ... are written as X, Xi,
X, ... and Yo, Y1, Yo, ... in the formula (23),
and paragraphs 5 and 7.

Lastly &g, A) is not a known quantity at this
stage. However, it may be more convenient
to treat this quantity as known for the time
being, as determined from the integrated equa-
tion of continuity (37). Substituting (22) in the
last term of the right-hand member of (17), it
follows

R

__ 9ok = ey

=R ,EO{ a1 O Enlar)
(L B Zn(2) dpm}

__ gooh N1/ {d7m

de}

—iZu(A)+(1—p?) @0

@23

Now the original equation for Py, satisfied by
zonal harmonic of mth order is

de
< —1)

=—m(m~+1)Pn .

Integrating both sides of this equation, it follows

. dPn ll__ ”

where the lower limit of integration is arbitrary
and Cis a constant. Let y=—1; then it follows

dPn
a- ,az) :—m(m+1)g Pu(w)du,
so that
dPp m(m+l)
2 —— —
) 2 i1 (Pmsr—Pm_y). (25)

Substituting (25) in the right-hand side of (24),
it follows

5D
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_Qﬂoh _ 21/2_6£,,- _ za/zzc‘,}
o (oG
= (EVCTRSE BV ACEL oS
R m=0 2m+1
dZm m(m+l)
L o+ i) D P} (26)

Expanding (1—#2)'/% in a series of Pu(y), it becomes

oo o) o)

1 \2 5 3 \2
'ﬂ) Pw-13(3) <2-4-6

>‘Pﬁ(m—a }* @n

This expression was cheqkéd by assuming the relation:

(L= ) 2= A Po) + AsPa(pt) + AdPa( ) + AsPe() + - . . - .

Substituting the right-hand 'side of this expression for (L—u2)/2 in (26) it follows

[
iy

- {<1 s s =il W”*‘gg}

T gooh

A m(im+1) 1
-z{ o1 ‘*Z’P(J(/L)Pm;l(/l)

*E“R—mic[{?’“@ 5(5)() P95 () e

5\/ 3 dZm
- R - ' \
13<8><2 4- 6) Po) } W=7

m(m+1)
2m+1

o2 reorec

m(m+1) 1
”wf?_mt{—_l—: 9((_)(2 4> Pu(p0) Pri{te)

#M.13<§)<~-3—> Pﬁ(ﬂﬂm (- . }Zm(ﬂ)

5(%)%‘)2&(#)?““(#)

2m+1 8 /\2.4-6
{ m(im+1) 1 m(m+1)
{ 2m+1 2P°</‘,>,Pm+l(/l) Tom i1
m(m+1) 1
m(erl)v

ol )(z i 6) P(,-m)Pm(m—»."»}mel;

The squares of a zonal harmonics and products
between two zonal harmonics of different orders
such as PU(,u)Pmﬂ;(/z), Ro(t)Pm-1(0), Pa0)Pm+1(10),
Po() P 1 (1), Pz&(ﬂ)Pmn(ﬂ); 1)4(ﬂ>7)m—1<ﬂ): Po(y)
Pra(y) and Pe(p)Pm-1(pr) can be reduced to
linear combinations of zonal harmonics through
the relations (29), (30), (31),,(32), (33 and (34).

Substituting (19); (22), (23) and~ the modifi-
cation of (28) in which all the productb and

(28

squares of zonal harmonics in (16) no longer
exist, it will be possible to eliminate Pu(y),
Pi(w), Poy), ... out of the equation (16). The
consequence will be a system of ”s'irrnultaneous
equations between M), M), Ma(2), Ms(A)
etc. and others: Solving these equations, the
quantities Mo(R), Mi(2), Ma(A), Ms(2), ... are
given as compiled in-Table 1.

il 7 g 1 oo (4m+1)(2m+1) ’ (2m*1)” 727)
sy [ 8 O D ) )]

C6)
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2

PP =P+ ;Po
PP :%P3 +—§—P1 PPy :»é—g Py +~%~Pz +%—PU
PPy :%R; +£73~P2 P.Ps :%)P5 +%P3 +3—95P1
PP :%Ps JF%P3 PPy = 151 Py + ?g P+ g P,
PP = 161136 +151P4 PoPs :%E +%8~P5 +%P3
P\Ps 17~3P7 + 16314, (29) PoPs :-2—2 Ps +-é—§1)6 n f—[%m
P.P; :%P8 +%P5 PPy = 22 P +%P7 2 =P,
P.Ps :19—7109 +1§7P7 PyPs :é—ggﬂw%& + -£P6
PP :10P10+l99P8 PP :%PllJrl‘o’—i%Pg +:1)—)%P7
PPu= ;PH%?PQ Png:%Pngr%Per%Ps

PyPy= %Pe n —%m +”24T Pt ~;—P

PoPy= -g%}a -3%& +~12—1- P3+—,;IP1

PaPs= 1553 '37?P 1108(?1P 4+25—‘301P

PSPG:%PQ +%P7 + B%Pﬁ %Pa

Paln= 32(3) Pot 12325 *é%l)”%&

Polls= 2822651P nt 12149 3715‘%13 7+2§2§1P °

Paba= é(l)ggP iﬁg‘;’P w33 1)”582451) ¢

PiPy 1429807 o+ 28 P +-%P4+é—£&+%&

PaPs= 284221P +%%%P7 +—12?;—P5+—1?f—31>3+-‘%p,

PuPe=jiacPit gioPs + g Pot Pty Py

PyPr= é%P} i +‘§42%~P9 +%P7+1—298?09P5+%577 3

PPt Pt Pt Pt P

C7

B0

107
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15876, 490 80 18 50 1
Pobo=erggt vt o e Y e Dt s Pt e Tl

1386 420 6300 . 80 49 18
PsPo="ragPut oaar o T agrsel " T wea T amo Dt il &3

2376 16170 360 420 280 21
PsPr= 7499 P12+96577P10+ 5717 P8+3_55§P6+2431P4+ 14—3

30492, 15876, 350, 400, 262, 14
Pt 0y B2p p  Lp, 34

PoPo=oe577 Facarr  Tamna e asss’ o P aasr T a3 T s

Table I _Expressions of Mm(2) in terms of Zm(A), Xm & Ym (Even Group).

My= ﬁngh{ + 868157, — 8466674+ 97292 Zs— 105410Zs 4 84093 Z10 — 4769172, + 566507 Z; — 696397 Zs

2R
+55969: 77 —60685i Zs +- 25775i 711+ 65928 - 15649 dZ, + 17396 Cfi 6948 + 8556iz-lZ
dZ o dZ, dZs dZs dZy AazZy
—-1719 1 +498597~—-- 7 —224867—— a0 + 156141—— 141681 + 10267 —— 7 —~977%i— }

+90633(Xo+1Y0) —32579(Xe+7Y2) +22659(Xa+7Ys) — 15152(X6 +17Ye) +10324(Xs+7Ys)
—7702(X10+4Y10) + 57041 (G X, — Y1) — 38965 (i Xs— Ys) +25099(i X5 — ¥5) —21802(¢ X7 Y7)
+16883( Xo— Yo) — 12618 X1~ Y1)

M= — n%‘oROh{ — 4662875+ 26084324 — 237376 Zs - 272643 Zs — 212059Z10 + 340864 Z; — 183822iZa

+141285: 75— 175323i 27 + 121828 i Z3— 133305: 21, - 79364 ‘27 -+88561 ‘i, - 18668

+36012 S { 8192%4—24744(12104—31794: ‘fi/ +706517 ‘fiZ — 467284 d—Zf‘+28192z%1

— 337014 dZX + 8443de “} 164581 (Xo-+i Yo) + 102749 Xa+7Ys) —52371 (Xa+i Y2)
438841 (Xo+i Ye) — 28573( Xs+i Yo) +17599( Xro-+i Yio) —2819(iXi — Y1) +80862(i Xs— Ya)
74946 (i Xs— Ys) +48112(i Xo— Yi) — 46262(i Xe— Yo) +23020(i X 11— Y11

My=— n_—gth{ — 450507, — 971887, + 392893 Zs — 354907 Zs + 328405 Z10— 2696: Z; + 1928007 Z3

2R
— 262292 Z5+170142: Z7 — 234946: Zy -+ 30661421, + 154940 d 31814 dzs —|— 80654 Z 7960 Z

+42088 +13798d51°~12084z i+25457z = +69191z6222 515921 +34323z
dZn}

— 418807 1 +201085(Xo+7 Yo) — 91482( Xz +iY>) + 88041 (Xy+7Yy) —49216(Xe+7Ye)
+35931( Xg-+1Ys) —27065( X10+17 Y10) — 30364(: X1 — Y1) + 3151 (¢ X3~ Y3) +81072(: X5~ Y5)
—82718( X7 — Y7) +56570(i Xo— Ys) —51281 GX11— Y1)

Me=— :rgpoh{ +157947,— 1085297, — 12754975+ 518761 Zs — 276535 Z10+ 4007627 Z, — 194322i Z;

2R
. . . . dZy dZ; dZs
+271398iZs — 330941i 2, + 205750 2y — 297037i 21, — 110709—-~ 7 +88211—= d —26144—— 1
+ 81009 dl —1832 d—73+ 67868dZ10 91 981 dZ — 22359 — a;z + 264791 + 67497: %Zf"
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- 51273z + 20956i—= > —205603(Xo+:Yo) +104342(Xo+7Y2) — T5871(Xs+1Ys)

+ 80027(Xe +1Ye) — 47251 (Xs+iYs) +34463(X10+7Y10) —2022(G X1 — Y1) —36289(i Xs— Y3)
+10614(¢ X5~ Y5) +79048(i X7— Y7) —83913(i Xo— Ys) + 356417 X1~ Y1s)

dZu}

M= — Tgooh { —23331Z,+ 344287, — 159237 Zs— 18956925 +- 688964 Z10— 30588 Z; 1+ 170409: Zs

2R
—195963:Z5 -+ 272853: Z7 — 3430007 Zy — 6585: Z11 + 116655 %7{— - 41264 dZ + 58142 2482 d

dZs dZ d dZ dZs dZ dZy

+ 75168—2:2’— -+48000 - 249747 —— 55321 21025z + 28922{— 2 + 75843z-==—

dZ;,

—35442¢

} +161792(Xo+7Yo) —87207(Xz+iY3) +64598(Xa+iYs) —52702(Xe+4 Ye)

+ 63179(X5 +1Ys) —32519(X10+2Y10) —22467(G X, — Y1) +4498( X3 — Y3) — 341197 X5 — Ys)
+11702(G X7 — Y7) +-84928(G Xo— Yo) — 79141 (G X1y — Y1)

Mio=— ﬂ%‘;gh{ + 225062, — 616227, + 84321 7 — 22771975 — 117076 Z10+ 281643 Z, — 1717221'23

Z
+246151i 25 — 2575871 27 - 3652671 Zs — 431858 2y, — 1 12526(1—20 + 63131 d 37040
dZs dZs dZ o dla d/ 5 dé:
+60264 —— a1 2755 7 +115295 T 7877., — 266331 + 10967 7 227SOz

+ SGSOBz dZ —l— 950041‘!—7-‘—1 } 186680( Xo+7 Yo) -+ 86518( X +7Yz) —74252(Xa+iYy)

+61397 (Xe +iYe) —53313(Xs+i Ys) + 66392( X10+i Yio) +4812( X1 — Y1) —26305(¢ X5~ Ys)
+13321(X5— Y5) —38556(: X7 — Y7) +19335(G X — Yo) +61731(X11— Y1)

Mig=— ”92‘;;”{ — 110197 4 2727974 — 5686275 + 43010 Zs — 258919710 — 42870iZ; + 888721 Zs

d/
—101048i Z5 + 1498974 Z; — 1495937 Zy+ 129518i 7, ; + 55110-—— de 27198 +24644d—7i"— 5388 =
+39188 +47675d7 10 13120; 39381 162l3z +23511 Zl —5262i ‘27

+64l301‘i7——“} 82282 Xo-+ i Yo) — ATT16( Xs-+1Ya) -+ 308120 X+ Ys) — 3L086( Xo-+i Ye)

+28482( Xs+17Ys) —21910(X10+7 Y10) —9238(1 X1 — Y1) +4475( X3 — Y3) —1634L(i X — Y5)
+6337( X7 — Y7) — 22986 (. Xe— Yo) +57312(i X 11— Y1)

M= — ﬂ%plzh{ + 167167, — 4072024+ 69895 Zg — 132514 Zs -+ 26183Zy0+ 152944i Z; — 123999 Z3
Z. dZ.
+ 169564 Zs — 187099 Z7 + 267739 Zy — 201980 Z11 — 83574 dZ + 40403 ‘fi ; 819297;—

a7
+32435°2° dZ 14689 +60506dZ‘° 35:9% 13896z +44301 LZNRUNTY A

dA d2
ng dZ 11 }

+ l341()z + 9038i—=- ¢ — 131216 (Xo+ 14 Yo) +62145(Xe+iY2) —52751(Xs+iYs)

+ 41981(Xe +iYe)— 41426(Xs +7Ys) +40843(X10-+7 Y10) + 7202 X — Y1) — 14669(i X3 — Ya)
+13648(i X5 — Y5) —23127(X7— Y7) +17380(i Xo— Ys) +2627(G X1 — Y11)

C9)
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Table 1 (continued) Expressions of Mu(4) in terms of Zm(2), Xm & Ym (Odd Group).

Mi=—

4M3 =

Mr=

ngook [ ~ 184437, +4699973 — 13338Z5 + 2695027 — 937 Za— 10172921, — 2896512, — 5841 Za

2R
— 292504 Zs — 1048 Zs — 408241 710+ 34232 i +10093—‘5;i3 +9831 ‘M"’+1956‘fi 5184

d[ 1 d7 o dZs dzZy .dZs daz 10}

+447

7 59752—dk_+36l — 60414 T 5145i——

+24878(X1 +iYD —2451(X3+z Y3) +5091(Xs+ i Ys) — 3700 X 47 Y7) +1246( Xo+1Yy)
—10054( X 1144 Y1) +163975(: Xo— Yo) +1872( Xo— Y2) —12979(i X4 — Ya) +1850(i Xs— Yo)
—6396(: Xs— Ys) —8350(;: X10— Yi0)

g0 °"{ — 3829627 + 1132887+ 1183002 — 659637 + 13934829 ~ 3063007+ 28564i7

2R
—87104:Z4+ 22570i 2 — 89169: Zs — 373244 Z10+ 23482 —} 47286 iZZLS + 8089“% + 18565 d/
dlg d/u 7 dZs dZs d[ dZ
+ 91589 7~~~ 1 4255037 T 16299 4—— 7 + 44321 &7
dZ o

4194791——} 5830( X1 42Y1)+35702(Xs+2Y3) — 12263(X1+1Y5)+10761(X7+zY7)

—9699(Xo+7Ys) +6493( X147 Y1) —249193( Xo—= Yo I+ 101448(i Xo— Ye) 4+ 11876 (X4 — Y4)
—27189(i Xe— Ys) +9882(i Xs— Y5) — 37718(iX10—= Y1o)

_mgooh { + 19175671 — 26759075 + 1068527 -+ 240548 7 — 43325 Zg — 87090571, — 274717

2R :
+ 81614iZy—151177i 26+ 465674i 23— 183755i 210+ 361'3712i +13246 ciéa +49972 a:i/ + 773853/1

dZy d7“ dZy dZ, dZy dZs .dZg

kel 52 — _ 28
+28214 +22470 +137352{—— 7 85311 4—+- 7 +707821 +34098: 7 224124 7
dllo

+2169i—— o7 }—!—].8653(X1+ iY1)—18514(X3+7Ys) +41073(Xs+4Y5) — 18632(X7+£Y7)

+14149(Xo+£Ys) —3786( X1 +7 Y11) 4222996 (2 Xo— Yo) — 1383927 Xz — Yo) +T7860(: Xy — Y4)
+26118(i X6 — Ys) —40148(7 Xs— Ys) —30028(¢ X10— Yi0)

_mgeoh { 2375582, + 224666 Z3 — 35820575 + 10876077 + 450345 Zs — 700386 Zy 1 + 3500077,

2R
—66716iZs+ 15057176 — 236712iZs — 26465210+ 5140~ d/ + 34307-5/ + 4287 Z -+ 56230 d/7

+12369 ‘;7 58413d-7~’1—~17500m +607781--é-v~ 702791‘22 +673311‘fi/ 41739 i‘i’
~128841"'7/;"} 18940C X+ Y1) +23907(Xa+i Ya) —27249( Xs+i Vs) +46705(Xe+iYe)

—24234(Xo+iY9) +29481 (X1 +¢ Y1) —257087(G Xo— Yo) + 99433 Xo— Y2) — 109892 X4 — Y4)
+68511 (1 Xs— Ye) +34146(.Xs— Ys) —103473(i X10— Y10)

_ mgpoh
2R

{ + 25325657 — 19433423+ 23623025 — 344793727 4 21476029 — 44781221 — 21355 Z,
d7 | dZ dZs Z

+74097i 74— 91625: Zs + 1870947 75 — 292069: Z; 0+ 15083 - 2713»— + '%0630—~— + 7202
dZy dlu d.éo .dZ; d/4 dZs Z
+62271 7 o7 7S — 44241 i—— 2 + 55165 i

(10
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dgm} +7T14(X + Y1) —23210( X+ Ya) + 23976 (Xs+1Ys) — 255120 X7 +4Yr)

'+44336(X9+ iYe) +4381( Xy, +4Y11) +185548(: Xo— Yo) —108314(i Xe— Y5) +656357(( Xs— Ya) A
——7876'3(1Xe —Ys) +48882(2X3»~ Ys) —44520(GX 10— Yi0)

My=— zgg};h{ 15530472, + 20’5899/ 3 — 264997 Zs + 32388327 — 3467092y — 577368Z11 + 29564217,
dZ dZs dZs dZ;
— 5849247, + 13655125 — 163008/ Zs +- 2078581[1 2 7 o ——+ 37171 7
+ 9821 iZ + 10()114éz1-1 - 147”071 +541067—-- d7 — 660037~ / —I— 33968 i—- ‘fi/a —42625 i%
-+ 89955 zcjgf} 19731( X, +i Y1) + 16068( Xa-+7 Ya) — 29859( Xs +4 Y5) 4-31408( X7+ Y7)

—32194( Xo+1 Yo) +75652( X1y +7 Yi1) — 214797 (i Xo— Yo) + 100637 (i Xo— Y2) — 89161 (4 Xs— Y4)
+62817(i Xs— Yo) —77356(i Xs— Ys) —6749(iX10— Yi0)

Miz=— 75%%@{ + 1495147, — 9752875+ 13292075 — 144641 Z; -+ 279443 7y — 955751 211 — 111221 Z,
/
437661774 —43983:Zs+ 111865 Zs — 610037 Z10+ 2880—— d7 ——6387 Z + 10559— dZ 391 dZ
de d/u d/o d/z d7 d/s ‘ . Z

+32048—3—+50816 0 -+ 556097 o7 ’104791 +164137 = — 283671 d +17436 e

d/10}+2548(X1 -1 Y1) —13692( X3+ Ys) +9765(Xs+1Y5) — 16454(X7+1Y7)

+18399( X7 Yo) +22268( X1y 47 Y1) + 97441 (. Xo— Yo) —53102(i Xz — Y2) +35459(i Xs— Y4)
— 38976 (i Xs— Ye) +25205(i Xs— Ys) —94494(i X10— Yi0)

+7296:-

Mis=— 75‘%%}_1{ — 1225217, + 14531073 — 18479425+ 230346 Z; — 266365 Zy — 19553211 +19612i 7,

—44444i 74 +90392i Zs— 116304i Zs + 184858:Z10 — 8929~dﬂ/—l—»+ 8114 ‘fi 1J887 dz + l7876§-é~

4Zy EZZ:!_ dZo A% 416081970 KZ@ 05 -_‘17;
530772+ 53778 98059-7-% + 48136777 — 41628 i -+ 24536 7 — 352631
+ 26003:‘1/—‘“} 123600 X1+ YD) +12225( Xa+ i Y5) —20011( X5+ Y5) + 20531 (Xr +i )

—26113( Xo+7Ye) +45255( X1+ Y1) — 147515(i Xo— Yo) +73602(i Xo— Yz) —58988(¢ Xa— Ya)
+47856( Xs— Ye) —50228(i Xs— Ys) +23955(i X0~ Yi0)

4. Derivation of the relation between wind for an ocean of uniform depth this simplifies as
stress components, mass distribution and the .
elevation of sea surface izf).: l,L {a(u sin ) + v, . (35
0z Rsin g 00 04 ’

Let the co-latitude 8 and longitude A be taken

positive in southern and eastern directions Integration from the surface of the sea (z=0)

respectively. The equation of continuity will down to the bottom (2= —h) gives
be then given by
R w(—h)—w(0)
i(uhR sin 65%)565%(—“6—“(1!111356)5/16 =— h { 0 < ﬁjo d
a6 " o = , Rsin \a0\*" 7)™ 2)
.0 . ) o 0 (9 o
:jé-Z—(R sin 664+ Ro0+w); *:5—/{8 vdz} .

11 )
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0 0

5 hudz and S hvdz can be substituted for
0 0

J hpudz(:M,,) and hpvdz(:Mx) to very

small errors, while w(— }:): w(0)=0 very closely.
Thus it follows

h {a(Mﬂ sin6) | oM;

Rsin 6 a0 Y }:0; (36)

this is the continuity equation approximately
valid in an ocean of uniform depth.
Now that cos =y, it will follow
sin 0=1—u»)'/?,
ay

—sin 0df=du or —(1—;2)1/2

and the equation of continuity is

1 2\1/2 0 2y1
S e P — e M1 — ) /2
o] P M=)

oM;
)
or
0 ey 1 oM, _
"‘—'aﬂM,u(l [,6)/ -+ (1“‘,&‘2_‘.)1/2 az =0. (3 )
Because

Mi—iMy=M
the equation of continuity is given by

imaginary part of
d
ou

i oM
—M- (1 ‘u2)1/2 ( -~ﬂ—2_)1/2 .6_2—:0
38
or
imaginary part of
a- .u2)‘/2 {(l LEEM(A, )

WOM(A, 1)
+ 2 =0. (39)

Now it follows from (19)

M2, )= Mo(A) Po(e)+ M:i(2)+ Py(t)
+ Ma(A)+ Po(1t) + Ma(2)+ Ps(t)+. . .+ad inf.

= 3 Mu(D-Pu),

where Po(y), Pi(y), Pa(), Ps(), ... are zonal
harmonics of orders 0,1, 2,3, ... and M),
Mi(A), M3(A), Ms(2), ... complex functions of
A only.

Substituting the above equation (19) in the
expression (39), it follows that the imaginary
part of

% | Mu0- =y (P

| IMnD)
D )] 40

must vanish. This operation gives

a- ﬂ2)1/2 {(1 U2 Pr(0)}
dPn(1t)
— 2 J—
=(1—pu )——dﬂ uPn(y) . (41)
Now that
dPu(1t)
2 TN
A—p? a
+1
__ % (Pross(t)— Pr(10)
and
_ om+l
/LPm(ﬂ) m+1 P7n+1<,u)+ 1 Pm l(ﬂ) s
it follows
o AP
A—p) dﬂ@ — (P
_ m? _ (m+1)*
= —*—Zm—l—l m—1 _—Zm +1 Pm+l . (42)

Thus the expression (41) becomes

(l #2)! /2 {(l ﬂZ)l/ZPm(ﬂ)}
m2 (m+1)?
i ——— Py (1) — G| S Pma()

and further the infinite series (40) will be then
imaginary part of

[ M) { P i)

_ (m+1)? Pm+1(ﬂ)}

m+1

AdMn

T+ Pm(ﬂ)] 0
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Table 2 Differential equations to be satisfied by Zo(), Zo(2), Zi(), ..., Zi(A)
derived by the operation (45).
a2z, d%Z, az, d?Zs a2 Zs d*Zo dZy dZ
+65928d —15649——- 1 +17396d —6948—— e +8556 —1719—- E7E —+ 48276 —— 7 +93962
627; “fgﬁ 4z +82378d510‘—965522_19524—975026_84928_13608210

—54658a Xo—624aXs+4326a X4 — 617aX6 +2132a X5+ 2783aX10—8293aY14+817aY3—1697aYs

+1233aY7?—415aYs+3351la Yy =

d?Zy dZ, d Z4 a2 75 d?Zs d*Zyo dZy W
— 79364 P + 88561 —=5~ 22 18668 PRas 36012 —-8192 2 +24744 7o 376727—(174— 425 40—«
+ 301600 d : 258380 Z + 286396f£Z~8 — 230243@ +75345Z, — 11121274+ 680192 — 113249Zs

464447, + 539024aXo - 127937aX2 - 32574aX4 + 37424aX6 —21233aXs+37362aX,0+40667aY,
—49171a Y3+ 22565aYs—18769a Y7 +14131aYs—21753a Y1, =0 ,

d? Zo d?Z; d?Zy d?Zs d?7s d? llo dZy dZ;
+ 154940 31814 77 +80654— d 7960W +42088—— P ——t 13798 +638607 7 448285 —— 7
+ 5387 l + 507643 dZ - 4159’73 + 3778356—153—9 — 1277237, + 38458124~ 395173 Zs+ 30966575

- 332313Z10 —-1076393a X0+ 546408aX2 —149810a X4 —121505a X6+ 1138320 Xs—17968aX10—55719a Y,
+123682aY3—121378aY54-66942a Y7, —54326a Ye+ 234462 Y11 =0 ,

A d*Z; d*Z, d?Zg d*Zs d*Zo dZy
110709a—z~+ 88211—— a0 25144W+81009 dzg»—ISBZW +67868—d—~2 1021202
dZ;, dZ d7 dZs dZ o
+493535—— 7 — 569757 7 19194 77 1 48503974+ 986626 Zs

—9256837Z5+4-518194Z10+ 1569623aXo —777733aX3+613796a X — 13832602 Xs—242937a X5+ 2397392 X0

+122917aY, —138687a Y3 +223434aY: — 213547a Y7 +125470a Yo — 1086962 Y1, =0 ,
d*Zy dtZ, a4, d*Zs d%Zg d? 710 dZo
+116655—— P —41264 In T iz + 751687‘&; +48000 + l201895~37

d72 dZs dZs d710

- 623767 + 476440—~ —635122 —— o7 132478 + 1092897 — 24037372+ 60054274

- 1033048Ze + 180758228 —1136485Z10— l887925aXo -+886007a Xz — 747500aX4 +628093 a X —62702a X5
—2516892.X10—113697a Y, +200951a Y3 —218475a Ys + 308037a Y7 — 2924094 Y5+ 1071092 Y1, =0 ,

d?Z, d* 7y d*Zs d*Zs d*Zg d*Zy dZ
112526d T 63131——— PR —37040—=- ¥ +60264d —2755—5 i + 115295 ——~ o ~1339046~?”—
+ 728283 dZ —584355 CZZ +495817~d—Zi—742306égi—74650@+ 2678127, — 69770324+ 1200614 Z¢

- 184226925 +2630719Z10+ 2106587aXo - 1098986aX 2+ 813048aX4 —745014a Xs+-664234aXs
—198810a.X104-144402a Y, — 206690a Y3+ 283273a Ys — 299507 Y7 +402715a Yo — 374937a Y1, =0,

az Z0 dzzg &27 a27 A2 7 &7 dZs dZs
+B5110— 77— 2719827+ 2464478 — 53880+ 3018870 + 47675 —=r + 12728457 — 6031397
+ 54324827-24« — 447025%% 5 141001692 — 776448dZ 10 25457475+ 60194175 — 113022975 + 172076475

di di
—1683206Z10— 19547244 X0+ 961828a X, — 7801722 X + 6372502 Xs — 642081 a X5+ 5492072 X,
—139482a Y, +186302aYs —248065a Y5 +299631a Y7 —316726a Ye+ 3342662 Y1, =0 ,

d?Zy d2Z2 d2Z4 d*Zs d?Zs A dZo
83574W+40403 —31929 a5 +324357X7—14689 ir +60506 a0

13>
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dZs

+ 453902— —51 4955

dZ 1o
dA

+ 161950 12230822, — 59596874 + 975355 Z¢

— 165619975 -+ 1784548210 +1778022aX,— 91 9689aX2 +6855450 X4 — 6302794 Xs +547528a X5

114

dZ,
+623648 7 462005
—859823aX10+108207a Y, —

268459 Y7+ 3230934 Yy — 1668154 Y1, =0

or, imaginary part of

(m+1)2
mzio{ 2m + %

m? ‘
27n 1 m 1}

m + 1(/’0 ‘i

1881244 Y3 +222660a Ys —
- M

vy ,

Pu(1)=0. <43>“

fw\

In order that this relation exists mdependent

of Pn(y), the following condition should be
satisfied :
] ) ‘ N +1)2 P
1mag1naty part of (2 e Mm+|(ﬂ)
C dM.
R T M =0 “4)
(m=0,1,2,3,...)

provided M_(H=0. Thus i
imaginary parts of

;M!»

t follows that the

0
(¥

(45)

12 _dM,
’_3“M1"{”Z 2
22 dM, 12
B Mt
32 dM, 2
7 M
A g M 3
9T s
52 dM, &
Mt
6 dM; B
Mt

vanish. ac

The above are the equations connecting the

surface slopes to the wind
and mass distribution.

Substituting the expressions for M, My, "M,

Ms, ... (Table 1) in (45), si
entlal equatlons ‘of the sécon

stress components

imultaneous dlffel-
d order shown in

Table 2 are obtained. Further ‘substitution in

the equation (19) gives th
M@, ).

€ mass transport

5. Application to oceans bounded by two
meridians

In Table 2 are given the differential &quations

“to" compute the functions Zy(A), Z1(ﬂ)‘_§ft22(/'i),

Z5tD), They are divided into two groups,
or the equations with even and oddsuffices.
If the meridional distribution of wind stresses

is symmetric about the equator, only the'equa-
~tions of “even suffices:

0,2,4,... are to be
solved,- while the  equations of odd | suffices:
1,3, 5, ... must be integrated if the dlstrlbutlon

~of Wmd is -antisymmetric about the- equator.
<2 Actually, however,

the meridional distribution
of wind stresses in the Atlantic and the Pacific
Oceans is roughly symmetric about the equator,

so. that the surface contours of these oceans

will be represented by curves symméttic about
the equator in oceans bounded by two meridians
and extending from the north pole to the’south
pole. If the problem for the Indian Ogcean is
to be solved by the present theory, equations
of odd orders are to be used because the
northern boundary of the Indian Ocean is
approximately coincident with the equator.

As to the wind stress vectors, most authors
have assumed them to be approxnmately zonal.
The wind system consists of the east winds
near poles, west winds~in moderate latitudes,

¢ and the broad belt -of Tradeb along and on

both sides of the equator
Zonal distr ibution of "‘wind stresses can there-
fore be approximately represented in (20) by

X0=0, Xo= " Xa, X,<0, X6~—Xs* =0
Vi=Ya=Ys=...=0 ‘
where the constant X4 can be detcf‘r%inéd from
the actual distribution of Wmd stress., It is the

coefficient of Py() in an expanswn of 2 or the

- meridional component of wind stress*in terms

of zonal harmonics. Thus it follows

.1y
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The constant a is

2R
a—= m s (47)

and the value of the latter becomes

2x6.3712% 108
4= TXO80% 1. 025 x 4000 x 108 1009

for A=4,000 meters. ‘
These features will be given roughly by

Ti=XuPu(p) (48
where

Xu<0,

sincé Pi(x) is positive for §=0°~30° (or ¢=60°
~90%). 0=71°~90° (or ¢=0°~19°) and is
negative for §=31°~70° (or ¢=20°~59°). If
the formula (48) is modified a little more so
that it represents the actual situation of the
wind  distribution more faithfully and the
quantity @ is multiplied, it will be better to
adopt the formula

1 90°N
80°N
70°N
60°N
50°N

- 40°N

30°N

20°N
10°N

Equator
-16\-12-08-04 |2 04 08 1.2 1.6
dyne/cm?* dyne/cm? .
10°S

Fig. 2.+ Meridional distribution of zonal
" .components’ of prevailing winds.

()= Ko+ Po(pt)+ Xu- Ps(tt) .

Assuming ng—%X4, a formula which better

fits the meridional distribution of z; will be

ati(w)= { - %’Pzz(ﬂ) + P4(u)} aXs.

The meridional variation of ¢; against co-latitude
is assumed as shown in Table 3. The wind
stress is supposed to be symmetrically situated
around the equator. ’

If the absolute values of wind stress com-
ponents will be given by

—’C,;A:();f ati= {—%Pz{ﬂwrpdﬂ)}ax/: s

X4 may be determined from observations.

Now application will be made for this theory
to compute the surface contours of the oceans
comparable in size to the Atlantic and Pacific
Oceans. Although the solutions Zo, Zi, Z», Z3,

. of the equations must be represented all
by infinite series, they are supposed to be con-
vergent. For this reason,. it may be possible to
treat them as finite serics whose higher terms
tend pretty fast to nil. Tentatively it may be
supposed that the Zp(A)-series is a finite one
consisting of only four even terms Zo(2), Zx(4),
Zy(A) and Ze(A). .

Thus eight equations shown in Table 4 are
obtained. In these equations, terms like Xs,

Table 3

colatitude #  latitude ¢ — §»X4P2<m+x4p4w>*

0° (North pole) 90°N —0.2500
10° 80°N —0.1371
20° 70°N +0.1434
30° 60°N +0. 4453
40° 50° N’ +0.6042
50° 40°N 40.5174

" 60° 30°N 40.1953
70° 20°N —0.2396
80° 10°N —0.6070
90° (Equator) 0° —0.7500

100° 10°S —0.6070

110° 20° S —0.2396
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Table 4 Differential equations derived by disregarding Zs, Zo, ..., Xs, X1, ... and Yq, Yo, Yii, ... .
2
+ 659287 22— 15649% 221173067 21 6048770 1 a6 L2 93060 %7 — g8 - 197304022
— 965522 — 195Z4 —975076—54658a Xy —624aX;+4326aXs—617aXes—8293aY: + 817a Y:—1697a Y5
d?Z, d*Zs d?Zy d?Zs dZo dZ, dZy dZe
—79364—- P +8856172—é~ — 18668 —— e +36012—- v —376727 a1 i —258380
+75345Z,— 1112127, + 68019Z6 45390242 X, —127937a Xy — 32574aX4 +37424a Xs+40667aY,
—49171a Y3+ 22555aY5=0 ,
d*Zy d? Zz d*Z, d*Zs dZy dZs dzZ, dZg

+154940— P —31814——- P +80654W~7960 7 ® 4638607~ 7 —448285—— 0 +5387 +507643 7

—1277237>+ 384581 Z,— 39517325 —1076393a X0 45464082 X> —149810a.X,s— l21505aXs —55719aY;

+123682aY3—121378aY5=0,

d*Z d*Zs d?Z a2 Zs dZ, d[g d74
— 110709+ i +88211——- a7 25144:17+81009222 —1021202- 7 569757
—19194 ddl; +204238Z, — 48503924+ 986626 Zs + 15696232 X0 — 7777330 X2 + 6137962 X, — 1383262 X6
+122917aY; —138687aY3+223434aYs=
diZ, d*Z, a*Zs d*Zg dZ, 7 dl4
+116655—— T —41264 ar +68142— e —2482—— P +1201895 —— 7 623767

dZs

- 635122 —5~—240373Z2 + 6005427, — 10330487 — 18879254 X, +886007a Xz — 7475002 X4 + 62809342 X

—113697a YI +200951aY;—218475a Y5 =0,

—112526d Z °+ 631310;7 2 37040‘2’;222%60264‘2226 1339046 dZ —|—7282830; — 584355~ l
+495817—> dZ -+ 2678122, — 697703 Zs-+ 120061475+ 2106587a Xo— 10989864 Xz + 8130484, — 745014aXs
41444024 Y1 206690a Ys +283273a Y, =0 |,

+55110%20 Z°—27198622222+246446ill4 5388LZ;G+1272845 ‘Z" »6031391"?z 543248+ Z
~447025i@ — 25457475+ 601941 74— 11302297 — 19547240 X, + 9618282 Xz — 7801722 X1 + 6372502 X5
-139482aY1+186302aY3 2480654 Y5 =0 |,

—83574;—/22;0+40403d Z_ “;,f; ‘;XZ.; —1115399 ‘Z” +623648~ dzy —462005~d—74

+ 4539025@ +2230827Z — 595968 Z4 +- 975355 Z6 -+ 1778022a Xo — 9196892 X» + 6855452 X4 — 6302792 X
+108207a Y1—188124a Ya+222660a Ys=

Xio, Y7 and Yy are also deleted in conformity
with suffices of the functions Zy(1), Zx(2), Zi(A)
and Ze(ﬂ).

A similar odd group of equations can be
collected. However, as long as the motion of
water in the ocean is concerned and its pattern
is symmetric about the equator, it is not neces-
sary to particularly pay attention to the equations
of odd orders (m=1,3,5,7,...).

There will be several different methods for

solving these group of simultaneous differential
equations shown in Table 4 in order to de-
termine the functions Zo(2), Zo(2), Zs«(A), Ze(A),
In this paper the following method of
computation is to be employed.
In order to solve this system of differential

it will be convenient to eliminate
dZ, dZ. dZ, d dZs

i’ ar’ ax ' an
out of the eight even equations. By this elimi-

equations,

the first derivatives

(16 )
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nation the number of simultaneous equations will
&Zy &7y d*7
e’ di@’ di

2
and '—%—ii and Zo, 72, Zs and Zs together with

be reduced to four, involving

d*Zy
dA?

d*Z,
di

d*Zy
dar

dx

In these four equations coefficients of Z, and
Zy on the right-hand sides are very small, so
that they can be put =0 without perceptible
error in the result. In the numerical solutions
only X and X, are to be retained.

6. Boundary conditions

The boundary conditions are most difficult
matter to choose in this theory. The best case
will be that the heights of water along the
surrounding coasts above a level surface or
reference surface are determined in advance by
trigonometric surveying or some other methods.
However, it will be practically extremely diffi-
cult or almost impossible to determine the
actual heights of water surface along the coast-
lines. Only feasible method will be to assume
certain mathematical boundary condition or
conditions in advance, for example, that the
water heights above the level surface are constant
or =0 along the coast-lines, or something like.

If the ocean under consideration is bounded
by two meridians on its eastern and western
coasts, the functions Zn(2) may be chosen so
as to vanish or keep a certain constant value
on the coasts. In this case the boundary con-
ditions will be

Zn(AD)=0 along 2=0 and A=4 (m=0,2,4,6) .

Another and more reasonable mathematical
boundary condition is that the slope of water
surface perpendicular to the coasts is zero.
This condition is usually employed in the free

+2. 7433427, 40. 431217 75— 3. 747904a X0+ 2. 25639192 X5 — 3. 0797432 X,
—1.923110aXs+1. 604794a Y, +2. 2295562 Y3 +1. 193587a Y5 =0 ,
——=-—0. 0002967, +0. 3784957, — 1. 20126275 +-0. 705940aX, +2. 848752a X> + 0. 4066860 X4
+8.016270aXs—0. 764511a Y, —0. 8822382 Y3 — 1. 2875932 Y5=0 ,
—=2+0. 0001192, — 5. 503435Z4— 1. 442340Z5+7. 876084a X0 —4. 559754a Xz +6. 6899282 X4
+4. 3611192 Xs— 3. 565882aY; —4. 878847aY;—2. 9235452 Y5 =0 ,
=22 10.000201 7,4 1. 5971147, +1. 526231 Zs— 3. 4199032 X0 — 0. 904192a X>— 2. 902097 X, |
—8.476163aXs+1. 965994a Y1+ 2. 536143a Y3 +2. 213912a Y5 =0 .

the terms of constants Xo, Xz, Xis and Xe; Yi,
Ys and Ys. Further by mutual eliminations
of the second derivatives, the following four
equations will be derived.

4D

or forced oscillations of water in a basin or a
sea with vertical walls. Mathematically it is
expressed as
dz, . .
=0 along 2=0 and A=A (m=0,2,4,6) .
dA
These two kinds of boundary conditions
mean that the surface slopes of the oceans are

given by

LA w=21 Zn( )P (11)=0
for A=0 and A=A (50)
and

L) _ 5, 7l
oA m 02

for =0 and A1=24 BD

respectively. Actually the latter condition seems

or conditions seem to be most reasonable for

applying to a hydrosphere on a spherical earth.

However, this boundary conditions cannot make

the functions Zn(2) or the solution X Zn()Pm()
m

converge into a finite form. For this reason,

the boundary condition of the form:

- dZm
qZm( D)+ 7:0 for 2=0 and A=A (62)
(m=0,2,4,6)

where ¢ is a numerical constant, seems most
reasonable for our purpose provided that ¢ is
made as small as possible. The smaller is ¢,
the more reasonable will be the result and will fit

C17)
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for the actual features of the phenomena. How-
ever, ¢ cannot be=0 because the solution for
Zn(A) will not then converge into a finite form.
In the follwing computation ¢ is assumed to

be something like :—f()—throughout,

7. Numerical solutions
Now the four equations to be solved are

&7,
2. 4334274+ 0. 4312177,
—4.770182aX,=0,  (53)
.
ddfz +0. 3784957, — 1. 2012627
—1.729878aX,=0, (54
A
72
+10.109744aX,=0,  (55)
&7
ax

—2.223953aX4=0, (56)

disregarding those small terms which do not
affect the result. By multiplying the last two
equations by the unknowns /4 and /s respectively,
and adding together, it leads to

2
% (l4Z4+ 16 Z6)+(—5. 50343504+ 1. 59711416) 74
+(—1. 44234004+ 1. 52623116)Zs
+(10. 1097441, — 2. 223953l6)aXs=0. (57)

Now let

— 5. 50343504+ 1. 5971 14ls =€ ,
— 1. 44234004+ 1. 52623115 = Lo ,

or

(—5.503435— &)1, +1. 5971141s=0, } (58)

—1. 4423401, +(1. 526231 —&)ls=0

then it follows
£24-3. 9772045 — 6. 095932=0 G1))
with two roots & and &
§4=—5.158850, &=+1.181646 (60)

from which it follows

§4/2= +2. 271310/ &'/2=+1. 087035

~§4—: +4. 634891 —?—: +0. 238907
6 6
ls 16

=-40. 215755 —=+4.185726 .
A Ly

The equation (57) now becomes

Z4+—§—BZe:A cos /224 B sin £/24
4

10.109744a X4+ 2 —2.223953aX,)
—~ ! . (6D)

Substituting (&s= +1.181646 and Y 185726)
and (&4= —5. 158850 and —l—~+0 215755) in the
4

equation (61) above,
are derived:

two following equations

Z4+0. 215755Zs = A4 cosh 2. 27131024
4By sinh 2.2713102+4-1.866679a X ,
Zy+4.185726Z¢= Ag cos 1. 0870352 2)
+ Be sin 1. 0870352—0. 677772a X, J

subtracting the lower equation from the above,
and then dividing by —3.969971, it follows

Zy(A)=1.054347(A4 cosh 2. 2713104
+iBy sinh 2. 2713104)—0. 054347
X (Ag cos 1. 0870352+ Bs sin 1. 0870354)
+2.004961a Xy, (63)

Zo(D)= —0. 251891( A4 cosh 2. 2713104
+iBy sinh 2. 2713102)+0. 251891
% (Ag cos 1. 08703524 Bs sin 1. 0870354)
—0. 6409242 X, 64

where A4, ¢Bi, As and Bs are constants to be
determined by means of the boundary con-

.. . dZs dZs
ditions. The derivatives 7 and 7 are
further

a;’ZZ; =2.394749(A4 sinh 2. 2713102

+1By cosh 2. 2713104)+0. 059077
X (Ag sin 1. 0870354 — Bg cos 1. 0870352)

and

18)
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y . d
9% _0.572123( Ay sinh 2. 2713107 By applying the operators ¢+ 77
i ) ) Zs where ¢ is a real constant, the two following
+iBs cosh 2. 2713102) 0. 273814 equations can be derived for =0, or the western

X (Ag sin 1. 0870354 — Bg cos 1. 0870352) . coast

to Zs and

A=0:
1. 054347q Aq+2. 394749: By —0. 054347 As— 0. 059077 Bs + 2. 004961gaX,=0,

65
—0. 2518919 A4—0. 572123/ B4+ 0. 2518919 As + 0. 273814 B; — 0. 640924ga X4=0 , } (65)

from which it follows

iBy=—0. 440274 A4—0. 821851¢a X4,

66
Bs=—0.919934q 46 +0. 623505qa Xs . } (66

And for the eastern coast A=1;, it follows

A=A
sinh 2, 2713104 2. 394749 A4+ 1. 054347q(—0. 440275q A4 —0. 821851 ga Xy)}
+cosh 2. 2713104,{ 1. 054347qAq4+2. 394749 (—0. 4402759 A4~ 0. 821851gaXy)}
+sin  1.0870352,{ 0.059077 As—0. 054347¢g(— 0. 919934 As+0. 623505ga X4)}
+cos 1. 0870354:{—0. 054347 As—0. 059077 (—0. 9199349 As+0. 623505qa X4)}
+2.004961gaXs=0 ®"

and

sinh 2. 2713104:{ —0. 572123 A4 —0. 251891g(—0. 4402759 A4 —0. 821851ga X1)}
+cosh 2. 2713104,{—0. 251891¢ A4 —0. 572123 (—0. 440275¢ As—0. 821851 qa Xy))
+sin 1. 0870352, { —0. 273814 As+0. 251891¢(—0. 9199349 As+ 0. 62350592 X4)}
+cos 1. 0870354 { 0.251891¢As+0. 273814 (—0. 919934¢ As+0. 623505g2Xy)}
—0. 640924gaXs=0 . (68)
1

0 Ay, As, 1By and Bg are determined

Solving these equations as simultancous, and introducing g=

as follows

cosh 2. 2713104, —1 P g
=TT (0. 08234B6a X .003625a X,
o a0 082345aX4) 0. 00362544

cos 1. 0870354, —1. .
= . +0. 382X, ,
As sin 1. 0870351, (0. 0618272 X4)+0. 005688a X4

, 69
cosh 2. 2713104 —1, o ¢
- - 0. 0823454,

A O~ 0. 0036254X) 0, 082345aXs

cos 1. 0870354, —1 =
= - " . »
Bs sin 10870350 0. 0056882 X4)+0. 0618272 X4 )

Substituting A4, As, B4 and Bs above in (63) and (64), Z4(2) and Zs(A) can be obtained as follows

cosh 2.2713104,—1
sinh 2. 271310

. cosh 2. 2713104, —1

Za(A)=0. 086820aX4{cosh 2. 2713101( ) —sinh 2. 2713102}
> —cosh 2. 2713101}

€199
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cos 1. 0870354, —1
sin 1. 0870352,

cos 1. 0870354, —1
sin 1. 0870354;

+2.004961aX; , (70)

—0. 003860aX4{ cos 1. ()870351( >—I— sin 1. 0870352}

+0. 000309aX4{ sin 1. 0870352< >— cos 1. 0870352}

cosh 2. 2713104, —1 )
sinh 2. 271310 A,
cosh 2. 2713104, —1 >

< sinh 2. 2713104,

Zg(A)= —0.020742a X4 cosh 2. 27131024 —sinh 2. 2713104

——
——

—cosh 2.2713102

+0. 000913a X,4sinh 2. 2713104

cos 1. 0870352 — "+ sin 1. 0870352

+0. 0155674aX,q cos 1. 0870352

sin 1. 0870354,

-)
cos 1. 0870354 —1 )
sin 1. 0870551,

—0.640924aX, . 71

— cos 1. 0870351

sin 1. 08703524

N——’

—0.001433a X,

Substituting the expressions thus obtained for
Zy(A) and Zs(A) into (53) and (54), integrating
once and twice with respect to A, the expressions

obtained. And applying to the operator <q+%>

=0 for both coasts A=0 and A=4;, the ex-
pressions for Zy(4) and Zs(2) are obtained as

dZy dZ, .
I and Zo(A) and for TE and Zy(A) are

for follows.

cosh 2. 2713104, —
sinh 2. 2713104;

( )
( cosh 2.2713104,—1 )
( )

Z(A)=—0.044435a X4{ cosh 2. 2713104 —sinh 2. 271310/1}

—cosh 2.2713102}

> +4. 537340aX4<2~ %‘«) @2

sinh 2. 2713104,

cos 1.0870354; —1
sin 1. 087035 A

cos 1. 0870354, —1
sin 1. 0870354,

22—
2

+ sin 1. 0870352

—0.002117aX,

+0. 001956aX4{sinh 2.2713102
{ cos 1. 0870354

+0. 000195aX4{ sin 1. 087()352( >~ cos 1. 0870354

—46. 3574802 X, —0. 453734aX4<

cosh 2. 2713104, —1
sinh 2. 2713104,
cosh 2. 2713104, —1
sinh 2. 2713102,
cos 1. 0870354, —1
sin 1. 0870352,

cos 1.0870354;—1
sin 1. 0870352,

Zy(A)=—0. 011200aX4{cosh 2. 271310/2< ) —sinh 2. 271310/1}

+0. 000493aX4{sinh 2. 2713102( > —cosh 2.2713101}

—0. 016909aX4{ cos 1. 0870352( >—|— sin 1. 087035/1}

+0. 001555aX4{ sin 1. 0870352( )— cos 1. 08’70352}

2 A .
+20. 0407702 X4+0. 2010932.X4 ( —X—E&X—lw> -2. 010930aX4<2 - —21~> (73

8. Surface contours
In the equation (21), it is described that the
surface contours {(4, 1) is given by

CAD=2 ZuDPu) (2
where the functions Zy(A), Zx(1), Zs(A) and Zeg(A)
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are given by (72), (73), (70) and (71) respectively,
while Po(y), Ps(y), Pa(y) and Pe(y) are zontal
harmonics. If the numerical values of the
functions Zo(A), Za(A), Z«(A) and Zg(A) are calcu-
lated, the surface contours can be computed by
the formula (21). They are all given for the
northern hemisphere and those in the southern
hemisphere is given simply by a mirror image.

In the following computations are given the
surface contours of the oceans bounded by two

N.P.

Fig. 3. Contour lines of the sea surface
(narrower ocean).
(Each contour line is drawn in a unit |aX4| above
a certain level surface. !aX.| is roughly=1cm.)

Western coast

meridians 4=0 and A=A apart and extending
from the north pole to the south pole. The
resulting surface elevation above a certain defi-
nite level surface is represented by Figs. 3 and 4.

In the formula (48) etc., Xy s the coefficient
of Py(y) in the expansion of Ti1 in a series of
zonal harmonics. Usually it is understood that
laX4=1 cm.

The first case (Table 5 and Fig. 3) refers to
an ocean bounded by two meridians 60° of lati-
tude apart. This ocean roughly corresponds
to the Atlantic. The highest part in the elevation
can be located in the area where the equator
intersects with the western coast, being shown
by 58.3aXy (ca. 58.3aXs+a constant). The sea
surface goes down eastward and its elevation
at the east coast is 52.5aXy, the difference in
the water heights being 58.3aX,—52.5aX,=
5.8aXy (ca. 5.8 cm). The surface of the sea also
goes down in the direction NNE and attains
about 25aX, (ca. 25cm) in the polar regions.
The difference of water surfaces between the
equatorial region of the western coast and the
arctic region is 58.3aXs—25aX,=33.3aX; (ca.
33.3cm).

The successive contours are drawn every
5aXy in solid lines. Only in the regions where
the contours are extremely sparse, another
group of contour lines are drawn in broken
lines to which are assigned the values half way
in between.

Eastern coast

=/

45

Eauate’

Fig. 4. Contour lines of the sea surface (wider ocean).
(Each contour line is drawn in a unit |aX4] above a certain level surface. |aX4] is roughly=1cm.)
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Table 5. Surface contours generated by wind stresses on an ocean on a rotating globe (41=60")
Surface contours are counted in a unit |eXs| above an arbitrary level surface.
0 T _on_ 3z Ar b 67 Nes 8 Iz 10
30 30 30 30 30 30 30 30 30 30
90°N 26.263 25.989 25.717 25.448 25.182 24.919 24.658 24.400 24.144 23.892 23.643
80°N 27.325 27.040 26.758 26.479 26.203 25.929 25.658 25.391 25.126 24.864 24.604
70°N 30.438 30.121 29.808 29.498 29.192 28.890 28.590 28.294 28.000 27.709 27.421
60°N 35.289 34.922 34.561 34.204 33.852 33.503. 33.159. 32.817 32.479 32.142 31.808
50°N 41.199 40.771 40.350 39.935 39.526 39.121 38.720 38.323 37.929 37.538 37.148
40°N 47.173 46.683 46.201 45.726 45.257 44.794 44.336 43.881 43.430 42.982 42.536
30°N 52.225 51.683 51.148 50.621 50.100 49.585 49.075 48.570 48.070 47.573 47.079
20°N 55.764 55.184 54.611 54.045 53.485 52.932 52.384 51.842 51.305 50.773 50.245
10°N 57.721 57.120 56.526 55.937 55.355 54.779 54.209 53.645 53.086 52.534 51.986
0° 58.328 57.720 57.118 56.523 55.933 55.350 54.772 54.210 53.636 53.077 52.524
Table 6. Surface contours generated by wind stresses on an ocean on a rotating globe (4,=180°)
Surface contours are counted in a unit |aX,| above an arbitrary level surface.
0 T_ 2 3r 4r o 67 T 8w 9
18 18 18 18 18 18 18 18 18
© 90°N 28.960  28.457 27.959 27.465 26.978 26.496 26.021 25.552 25.090 24.636
80°N 30.146  29.622 29.103 28.589 28.081 27.578 27.081 26.592 26.109 25.634
70°N 33.586 33.003 32.426 31.855 31.289 30.729 30.176 29.630 29.091 28.561
60°N 38.879 38.206 37.542 36.887  36.241 35. 601 34.970 34.347 33.733 33.128
50°N 45.260  44.479  43.715 42.963 42.224 41.496 40.780 40.074 39.379  38.696
40°N 51.701  50.811 49.943  49.094  48.261 47.445 46.643 45.855 45.081  44.320
30°N 57.205  56.220 55.260 54.321 53.402 52.501 51.618 50.751 49,899 49.063
20°N 61.154 60,098 59.066 58.054 57.062 56.088 55.133 54.194 53.273  52.367
10°N 63.412 62,315 61.237 60.177 59.134 58.110 57.103 56.113 55.139 54.183
0 64.131 63.020 61.926 60.849 59.789 58.746 57.719 56.710 55.718 54.742
10z 11z 127 137 147 157 167 177 187
18 18 18 18 18 18 18 18 18
90°N 24.190 23.752 23.323 22.902 22.491 22.090 21.698 21.316 20,945
80°N 25,168 24.710 24.261 23.822 23.393 22.974 22.567 22.170 21.784
70°N 28.040 27.528 27.028 26.539 26.061 25.596 25,143 24.702 24,272
60°N 32.534 31.951 31. 380 30.822 30.277 29.744 29,224 28.716 28.219
50°N 38.024 37.365 36. 718 36.084 35.462 34.853 34.255 33.667 33.087
40°N 43.572 42.837 42.115 41.405 40.707 40. 020 39.343 38.673 38. 008
30°N 48.241 47.433 46. 638 45.856 45. 086 44, 326 43.577 42.835 42.099
20°N 51.477 50. 603 49.743 48.897 48. 065 47,245 46. 438 45,642 44.855
10°N 53.243 52.319 51.412 50.521 49. 645 48.785 47.940 47.111 46. 296
0° 53.783 52.842 51.917 51.009 50.117 49,243 48. 385 47.545 46.721
The horizontal differences between the suc- ern coast.

cessive contours are not the same of course, The second case (Table 6 and Fig. 4) repre-

In this case, their horizontal difference is wider
in the latitudes higher than 70°N and in the
tropical region. It is narrowest for 45aXs~
50aX, located in the western part 43°~52°N,
while it extends from 35° to 44°N near the east-

sents the ocean three times as wide or ocean
bounded by a complete meridian, or an ocean
a little wider than the Pacific. General features
of the contour lines are mostly the similar.

The difference in the surface heights along the

22)
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central meridian between the poles and the
equator is about 30aX, (ca. 30 cm) along the
western coast, about 35aX; (ca. 35 cm) along the
western coast and about 26X, (ca. 26 cm) along
the eastern coast.

The above result shows that the sea level
generated on a rotating globe by the wind
stress distribution is lowest at the poles and
the regions of higher latitudes. The sea sur-
face slopes up equatorward and is highest at
the equatorial region of the western coast.
Along the equator the sea surface slopes down
eastward, falling down steadily by 6aX, (ca. 6 cm)
in the narrower ocean bounded by meridians 60°
apart, and by 27.4aX, (ca. 27.4 cm) in the wider
one bounded by acomplete meridian.

These features are in an approximate coin-
cidence with the results by STOMMEL (1964,
p. 54 Chart I) and LISITZIN (1974, p. 149 Figs.
129 and 130). Actually the highest sea levels
are seen to some amount displaced from the
equatorial regions of the western boundary,
probably because of the irregularities of the
western coast lines, existence of mighty ocean
currents and the asymmetric distribution of the
oceanic areas close to the former.

Although the contour lines of sea surface
depicted in Figs. 3 and 4 which roughly cor-

-
T

respond to the Atlantic <11:é'> and the Pacific

Oceans (Ai=n) were drawn from the meridional
distribution of wind stresses and no attention
is paid on the spatial distribution of mass, the
resulting contours are nearly coincident with
the dynamic topography given by Henry
STOMMEL in his dynamic topography of the sea
surface. This suggests that these two elements
are adjusted parallel each other in their distri-
butions in the sea.

In §3, it is stated that there is a following
relation between the surface contours of uniform
ocean &(u, A) and {(u, A) or those expected in
an ocean having density distribution p(y, 4, 2),

_ h
(G D= Dt =000, 2, 2302
ooz Jo

where € is the elevation of the sea surface
above a level surface z=0. It is considered
that this formula does not apply except in a
steady state. However, the oceanic motion can

be considered as approximately steady. Thus
it will be necessary to compute a function
z(, A) such that

o, D)= ”L'“J’l(hﬁ@pw A )dz
s poh 0 5 3

in order to compute {(y, 4) by adding the above
quantity to &g, A).

9. Summary

An attempt was made to determined the
elevation of the sea surface on a rotating globe
generated by the effect of wind stresses and
mass distribution. The dynamical equations
were formulated, use being made of the spherical
polar coordinates employed in celestial dyna-
mics. The solution was derived by expanding
various terms in independent variables such as
the elevation, mass transport and wind stresses
in terms of zonal harmonics Py(cos ) where 6

is co-latitude. Because there appear terms
consisting of squares of zonal harmonics and
products between zonal harmonics of different
orders, a device was made to reduce these
squares and products of zonal harmonics into
linear expressions of zonal harmonics. Thus it
was succeeded to eliminate co-latitude @ out
of the dynamical equations. Then it is only
necessary to solve a system of simultaneous
differential equations in A, the longitude for
getting  the Numerical solutions
were worked out for oceans bounded by two
meridians extending from the north pole to the
south pole. Two cases were solved when the
breadths of the oceans are 60° of longitude
and 180° (complete meridian) of longitude apart
respectively. The result is that the highest sea
surface is always located in the region near the
intersection of the equator and the western
coast and decreases eastward and northward.
These theoretical solutions are in an approxi-
mate coincidence with the experimental results
obtained by STOMMEL, LISITZIN and others.

solutions.
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Puissance des courants marins aux environs du Japon*

Kenzo TAKANO** et M™° Sawa MATSUYAMA***

A

Résumé: Toutes les mesures par courantométre & électrodes remorquées (GEK) effectuées
entre 1953 et 1970 donnent d’une maniére grossiére la puissance des courants marins dans
une mer environnant le Japon. La puissance dans une couche superficielle du Kuroshio est

de quelques centaines de watts/m?.

Alors que notre connaissance des courants
marins est toujours embryonnaire, nous nous
proposons simplement d’évaluer d’une maniére
approchée I’énergie cinétique des courants marins
dans une région environnant le Japan dans le
cadre d’un programme d’étude qui a pour objet
d’examiner la possibilité de son utilisation. Le
mode de captation, de stockage et de transport
de Dénergie, la mise en place des engins, le
rendement et la rentabilité sont en dehors de
la présente étude.

Les données utilisées sont toutes les mesures
par courantométre & électrodes remorquées
(GEK) effectuées entre 1953 et 1970 qui sont
disponibles au Bureau National des données
océanographiques au Service Hydrographique.
Le nombre total des mesures est 78.497. Elles
permettent de calculer a chaque carré de 15/
large en longitude et en latitude la puissance
totale W, la puissance vers l'est Wy, la puis-
sance vers le nord Wy, Pénergie cinétique du
courant moyen E et Dénergie cinétique de la
déviation du courant E’.

-3

W= 1(; oZIVI/N

) 103 ;

Wy = 5 o2 |VI*Vy/N
-3

W= o5 VIV N

2

* Manuscrit requ le 16 juin 1976
** Rikagaku Kenkyusho, Wako-shi, Saitama-ken,
351 Japon
*#+* Centre de Calcul & I'Université de Hései, Koga-
nei-shi, Tokyo, 184 Japon

E:%\/z, V=xV/N
E’:%ZV’Q/N, VI=V V.

Dans les formules ci-dessus, p est la densité
en g/cm?®, V est la vitesse, Vi et Vy sont les
composantes de la vitesse vers l'est et vers le
nord, V est la vitesse moyenne en temps, V’
est la déviation de la vitesse, toutes exprimées
en cm/s. Le nombre des mesures dans chaque
carré est N. Les puissances W, Wy et Wy
sont exprimées en watts/m2.  Les énergies E
et E’ sont exprimées en erg/cm3.

Les figures 1 4 3 donnent les puissances W,
Wi et Wy. La grandeur de chacune est classée
en cing sections a intervalle inégal par la hachure.
Le carré non hachuré indique qu’il n’y a pas
Les bornes entre deux sections
adjacentes sont choisies quelque peu arbitraire-
ment. Le trajectoire du Kuroshio se met en
relief d’une facon frappante.

de mesures.

Sa puissance est
de quelques centaines de watts/m? en majeure
partie, alors qu’elle dépasse 1.000 watts/m? dans
un un petit nombre de carrés. Il convient de
noter, a titre d’indication, que la puissance de
la houle est de quelques dizaines de kilowatts/m
en moyenne annuelle & Pest du Japon dans
P’océan Pacifique du nord-ouest qui est une des
régions réputées les plus houleuses dans ’océan
mondial. Puisque ce sont les puissances par un
plane vertical ayant 1 m de largeur et 1m de
profondeur que donnent les figures 1 & 3 et que
la vitesse du Kuroshio ne varie probablement
pas beaucoup dans une couche superficielle, la
puissance du Kuroshio est a peu prés équivalente

y

a la puissance de la houle, s’il s’agit d’une

(25)
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Fig. 1.

couche superficielle du Kuroshio épaisse de
quelques dizaines de métres.

La comparaison des figures 2 et 3 suggére la
Dans la figure
2, la hachure de haut droit en bas gauche
désigne Wy positive (vers ’est) et la hachure

direction dominante du courant.

150(°E)

Puissance W en watts/m”

de haut gauche en bas droit désigne Wy négative
(vers l'ouest). De la méme maniére, la hachure
de haut droit en bas gauche désigne Wy posi-
tive (vers le nord) et la hachure de haut gauche
en bas droit désigne Wy négative (vers le sud)

dans la figure 3.
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I150(°E)
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130

Puissance Wx en watts/m?*
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Fig.

Les bornes entre deux sections adjacentes sont
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1

Il y a 1.337
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La figure 4 donne le nombre des mesures

S
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A
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y en a 1.029 dans la seconde, 851 dans la troi-

lans la section la plus basse (N-
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mesure de la confiance des puissances calculées.
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Fig. 3. Puissance Wy en watts/m?
sitme, 1.065 dans la quatriéme et 1.054 dans choisies de sorte que le nombre des carrés
la derniére. Le total est 5.336. Le nombre classés dans une section soit égal A celui dans
moyen des mesures disponibles est donc un peu une autre section. Lorsqu’il n’y a qu’une
moins de 15 (=78.497/5.336) par carré. mesure dans un carré, il est haché dans la
Les figures 5 et 6 montrent I et E’. Les figure 5 mais non haché dans la figure 6. Tels
bornes entre deux sections adjacentes sont carrés s’élévent a 1.337 d’entre 5.336.
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(°N)
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1 wn=1

N =2 ou 3

VA N =14, 5, 6,ou7
V) s=z=ns 21

326

130
Fig. 4.

Par rapport & I’énergie E, énergie E’ est
faible dans la région de ’archipel des Ryukyu,
ce qui montre que le trajectoire du Kuroshio y
est stable. Cependant, son importance relative

4 E augmente de plus en plus vers est le
long du Kuroshio et domine sur £ & lest de

140 150(°E)

Nombre N des mesures disponibles dans chaque carré

130°30’E. Ceci fait voir la fluctuation et le
méandre du Kuroshio.

A

1l reste & savoir si les mesures sont suffisam-

ment précises. La précision de la mesure par

\

courantométre a électrodes remorquées dépend
de la variation verticale de la vitesse dont on

€29
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ne tient généralement pas compte. Elle devient
médiocre si le fond est peu profond. Etant
donné que la puissance est proportionnelle au
cube de la vitesse, une petite erreur dans la
la vitesse
erreur dans ’évaluation de la puissance.

introduit une grande
D’ail-

mesure de

7N

w
<

140 150(°E)

Energie E en erg/cm’

leurs, les courants sont variables en temps et
en espace. Les mesures ne sont toutefois pas
suffisamment nombreuses pour bien saisir la
variation de la vitesse.

Sous cette importante réserve, nous croyons
que les figures ci-dessus n’empéchent tout de

!
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Fig. 6. Energie E' en erg/cm’
méme pas de donner une idée de la grandeur OKUMOTO au Bureau National des données
de la puissance susceptible d’étre captée. occéanographique (JODC) d’avoir bien voulu
Nous remercions MM. H. NITANI et ]. nous faire disponible les données de GEK.
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Studies on the Rheclogy of Netting Twine

I. Behaviour of Twine under Static Loading

Kazue TANIDA

Abstract: Tensile tests of netting twines were done concerning 24 kinds consisting of
nylon 210D 9 to 24, cremona 204 12 to 27, spun tetoron 20% 12 to 27 and polyethylene 280D
9 to 24, and the results observed were summarized as follows:

1) Though the samples of a netting twine being given the first weight show different values
of elongation respectively, the elongations approach a particular value after loading several
times. This fact suggests that all the samples can be normalized after a certain number
of loading.

2) The elongation decreases with the repetition number of loading.

3) The terraced characteristic curve is a peculiarity of samples such as twine consisting of
yarns, but not of monofilament fiber. And it seems that the terraced curve is related to
Tauti’s Theory on the break-down of netting twines.

4) Tt is difficult to discover the hidden terraces in the rising parts of the characteristic curve
shown in Fig. 4, by the measuring system shown in Fig. 1. Consequently an apparatus
with memory must be used for catching the phenomena rapidly, and the record must be
played back slowly for writing on the X-Y recorder.

5) It is recognized that the number of terraces per unit time decreases with the time, and

also the height of the terraces decreases with the repetition number of loading.
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Fig. 1. Diagram of the measuring system.
The electric power source side of the LOAD
CELL and both ends of the variable resistance
VR are each given suitable and constant voltages.

ADJ shows an adjuster for electric zero setting
of the variable resistance. The sample SAM
55.0cm in length is given tensile loading of 4
kgw momentarily, and its elongation is converted
into voltage by the rheostat, which is monitored
by a synchroscope through out the time of
loading. The synchroscope monitors as well the
voltage information being fed to the Y2 axis of
the X-Y recorder. The information of tensile
loading is converted into voltage by the LOAD
CELL and fed to the Y1 axis of the X-Y recorder.
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ng 2. Photograph of the measuring apparatus.

(34)



AR O KEREE I B 29 1. 135

5)
“4)
3
2
3R]

dL(mn)

0 L L 1
1 ? 3 [
Wikg)

Fig. 3. Relation between 5 times instantaneous
tensile loading of 4kgw for a sample of poly-
ethylene 380D 21 and its respective elongation
(dL). (1): the sample less than 55.0cm in
length being given the 1st loading, (2): the
sample being given the 2nd loading, and it
became exactly 55.0cm, (3): the desirable
condition for the 3rd loading, and the length
became more than 55.0cm, (4), (5): the 4th
and 5th loadings, respectively. In the cases of
(1), (2), (4) and (5), forces are impulsive, while
in the case of (3) desirable.
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Table 1. Relation between the repetition number (n) and the elongation (dL).
The value of the elongation dL in cm for the 1st (1), 2nd (2), 3rd (3), ------ , 8th (8) repetition
instantaneous tensile loading of 4kgw. The sample is cut to 55.0 cm in length before each
loading. The elongation approaches a particular asymptotic value, and the difference between
(n) and (n+1) decreases with the repetition number of loading.

n oy @2 (3) (4) (5) (6) 4 8

"~ Nylon (i18) 4.98 3.81 3.44 3.22 3.15 310 3.07 3.06
Cremona (18) 426 3.04 2.34 1.88 1.57 1.52 1.50 1.51
(Spun) Tetoron (18)  6.40  3.80  3.32 3.08 2,94 2.86  2.82  2.78
Polyethylete (18) 2.38 1.83 1.56 1.41 1.37 1.32 1.31 1.30
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Fig. 4. Relation between loading time for nettirg twine (L=>55.0 cm in length) and its elongation (dL).

These characteristic curves are traces by the X-Y recorder from the same samples as in Table 1.
(6), (7) and (8) of the said table are excluded for explicitness on these figures. What is remarkable
is the presence of a terraced curve and not a smooth one. As can be deduced from the graph, the
number of terraces as well as the elongation values decrease with the repetition number of loading.
The apparent smoothness of the rising part of the characteristic curve is considered to be caused by
the difficulty of pen-moving. It is considered that some terraces would be hidden in the rising part.

A: nylon (18), B: cremona (18), C: (spun) tetoron (18), D: polyethylene (18)
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A Linear Edge Wave Excited by an External Action

Shigehisa NAKAMURA

Abstract:

Following a previous study on linear edge waves in terms of Bessel function or

confluent P function, the present study is concerned with linear edge waves excited by an
external forcing with special emphasis on the resonant mechanism. The amplification of the

waves is governed by the wave numbers of both free and forced waves.

In addition, the

effect of the bottom topography near the coast is discussed by means of an asymptotic

differential equation.
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Falling Speed of an Instrument Array in
Launching Process for Mooring*

Keisuke TAIRA®*, Shiro IMAWAKI*™* and Toshihiko TERAMOTO**

Abstract:

By use of a velocimeter based on the Doppler Shift of sonic wave frequency, the

falling speed of an array in launching was measured. The rising speed of the array after
the release of weight for recovery was also estimated from the measurement of time needed

for appearance of a submerged marker buoy on the sea surface. The comparison of the
falling and rising speeds measured with those calculated on a numerical mode!l based on the

empirical formula for drag forces acting on the array shows that behaviours of the array in

falling and rising processes are simulated by the model.

Long-term measurements of current speed
have been a strong request which can be satis-
fied at present except for an especially intense
current region. A few pioneering groups have
already succeeded in acquiring a necessary
technique and have published know-hows they
attained (BERTEAUX and WALDEN, 1969;
BERTEAUX and CHHABRA, 1973). They pref-
erably carry out a launching by following the
so-called ‘‘Buoy first, anchor last” procedure
(¢f. BERTEAUX and WALDEN, 1969). Behaviours
of an array in launching, however, have not
been revealed fully as well as behaviours of a
moored array.

We made a measurement of falling speed of
an array in launching with a sonic velocimeter.
A transmitter of the velocimeter was attached
to the array, and from a Doppler frequency
shift of sonic waves sent from the transmitter
the falling speed was estimated. The measure-
ment was carried out from the R.V. Tansei-
maru on May 14, 1976 at a lecation (34°59.4'N,
139°11.3°E; water depth 440 m) off Ito on the
east coast of the Izu Peninsula. In Fig. 1, the
used array is illustrated chematically. The
upper portion of the array from a radio buoy

* Received September 7, 1976
*%* QOcean Research Institute, University of Tokyo
Minamidai, Nakano-ku, Tokyo, 164 Japan
*%* Geophysical Institute, Faculty of Science, Kyoto
University. Kitashirakawa-Oiwakecho, Sakyo-ku,
Kyoto, 606 Japan

at a top to NO. 1 P.B. (plastic buoy) was
designed to remain at the sea surface even after
a weight reached the bottom and a mooring
was completed. This portion was provided for
recovery as a back-up system. The lower
portion from NO. 2 P.B. to the weight included
a signal buoy, a lump of P.B., and an acoustic
release (AMF Model 255). This portion was
about 300 m in length and was to be submerged

SURFACE FLOAT
150kg x 2

No.l P.B.

NI6¢,200m
PPI6¢,250m

No.2 P.B.
PPI6¢,250m

RADIO BUOY

SIGNAL BUOY
P.B.
Okgx 4

N6, I18m

SONIC TRANSMITTER
AMF asr

Ni6¢,I15m
CHAIN 2m
l:ﬁ WEIGHT 150 kg
Fig. 1. An instrument array used in
the experiment.
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Falling Speed of an Instrument Array

o 4 -
Fig. 2. A sonic transmitter attached to
an acoustic release.

i

in moored condition. The signal buoy was an
assembly of radio and light beacons (ST-206
and SF-500, OAR) and of a glass sphere of
42.5cm in diameter, which gave sufficient
buoyancy to the assembly. This assembly was
helpful to finding the array floating on the sea
surface for recovery. The sonic transmitter of
velocimeter was of cylindrical shape, 20cm in
length and 4.3cm in diameter, and was attached
to the acoustic release as well as a power
supply to the transmitter (see Fig. 2).

For measuring the falling speed of the array,
a hydrophone was lowered from the ship’s
stern to the depth of several meters to receive
sonic signals sent from the transmitter. The
received signals were recorded on a magnetic
tape on board. On playing back the tape, the
Doppler shift of the received signal frequency
from 50KHz, which was the frequency of
signal originally sent from the transmitter, was
detected to estimate the moving speed of the
transmitter relative to that of the hydrophone.
In Fig. 3, an estimated speed is plotted against
the time elapsed after the weight of the array
was thrown down into the sea from the ship.
On taking into consideration that horizontal
motions of the ship and array were negligibly
small in the experiment, the array is thought
to have been falling almost due below the ship
untill the weight reached the bottom. Thus,
the estimated speed is considered to represent
the falling speed without a serious error. The
speed curve shows that the falling speed in-
creases almost linearly with time during the

in Launching Process for Mooring 145

<240

4220

4200
< 4180 g
E sk VELOCITY q180 5
> 14 ° ° ° H1400
b < 0 d o z
Sler /e ° ° ° o qrzog
S 10p e o " =100 ®
;J 8r (g’ @ - BOD

6} PO 160

o

4k 4 40

2 420

1 i 1 1 1 1 i L i 2 1 L il 4 i 1 L 1 L — 1 o

] 30 60 S0 120 150 180 210
TIME (seconds)
Fig. 3. The falling speed of transmitter measured

against time and the estimated distance be-
tween the transmitter and the ship.

first 10 seconds and that the speed is kept
nearly constant at about 1.35m/s during the
following 80 seconds. Then, the speed dimin-
ished slightly, and in the next stage from 120
to 190 seconds from the initial time, the speed
is kept at about 1.1m/s. After 190 seconds
passed, sonic signals from the transmitter
ceased. The depth of the transmitter at that
time is estimated to be about 240 m, where
the water proof of the battery case seems to
have been lost.

For the purpose of interpreting the results
of measurements, a numerical estimation of the
falling speed was made from the balance of
forces acting on the array. In the estimation,
a drag force of moving body was assumed to
be (1/2) pCprV?2S, where p is the water density,
Cpr the coefficient of tangential drag (0.9 for a
cylinder, 0.125 for a sphere and 0.007 for
rope), S the surface area of the body and V
the speed of water flow. The numerical esti-
mation was made for the following two cases,
in which the falling speeds were constant.
Behaviours of the array in these cases were
suspected from the measured falling speed and
from the observed situations of a portion
remaining at the sea surface.

Case I: About 30 seconds have passed since
the weight was thrown and it reaches the depth
a little greater than 40m. The signal buoy
has already submerged. The upper portion of
the array from NO. 2 P.B. to Radio buoy,
however, is still floating freely without being
pulled by the falling portion because of the
ropes at the sea surface having been hung
slack yet. The falling speed in this case was
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estimated to be 1.2m/s.

Case II: About 150 seconds have passed since
the throw of the weight and it reaches the
depth of 200m. The lowest portion of the
array from the weight to the signal buoy is
falling vertically. The rope connecting the
signal buoy with NO. 2 P.B. is, however,
stretched obliquely at its upper portion, because
the floating portion of the array have drifted
a little. Thus, the NO. 2 P.B. has already
submerged to a shallow depth. But, the portion
of the array from NO. 1 P.B. to Radio buoy
is floating freely yet. The falling speed in this
case was estimated to be 1.1m/s.

Considering from the agreement of the
measured falling speed with the calculated, case
[ and IT seem to roughly simulate behaviours
of the array in the stages from 10 to 90 seconds
and from 120 to 190 seconds, respectively.

Besides, an estimation of a rising speed of
the array was carried out by measuring the
time elapsed until NO. 2 P.B. appeared at the
sea surface since the weight was released. The
necessary time was 3 minutes and 20 seconds.
The NO. 2 P.B. was thought to be moored at
a depth of 144 m, so the rising speed was esti-
mated to be 0.7m/s. The computation of the
rising speed of the array in case II but weight
having been released gave 0.8m/s, which was

in agreement with observed.

The results of experiment indicate that falling
and rising behaviours can be simulated by use
of empirical formula for drag forces acting on
an array.
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Temporal Variation of Suspended Maftter near
the Sea Bottom in Hiro Bay.*

Kichiichiro KAWANA** and Terumi TANIMOTO**

Abstract:

Measurements of the temporal variation of the vertical distribution of suspended

matter concentration near the sea bottom and the water movement were carried out in Hiro
bay of the Seto Inland Sea. Observation of measured data indicates a momentary burst of
water movement and a sudden change in the vertical distribution of suspended matter concen-
tration due to reentrainment of bed-lain particles. We analyze the temporal variation of the
vertical distribution of reentrained particles with use of vertical eddy diffusivity of the steady

state.

1. Introduction

Many measurements of the suspended matter
have been reported with use of a gravimetric or
an optical method. EWING and THORNDIKE
(1965) observed a turbid layer near the ocean
floor by an in-situ photographic nephelometer.
From these data, ICHIYE (1966) estimated
vertical distribution of the eddy diffusivity.
PLANK et al. (1974) obtained 15-hour time
series data of light-scattering of sea water and
suspended matter concentration in Astoria
Canyon and examined the effect of the un-
steadiness term of suspended matter concent-
ration on calculation of the coefficient of eddy
diffusivity. In the coastal area, TAKEMATSU
et al. (1971) measured the suspended matter
concentration off the coast of Tokai Mura and
showed that it was closely correlated with
patterns of flow and water mass diffusion.
FukuDA (1974) has suggested that the vertical
distribution of suspended matter concentration
in the coastal area can be classified into three
types. The first type is such that the suspended
matter consists of the same particle as bed-lain
particle and, therefore, the concentration
decreases monotonously with height from the
bottom. The second type is due to land-
originated particles whose concentration de-

* Received September 15, 1976

** Government Industrial Research Institute, Chu-
goku, Hiro-machi, Kure, Hiroshima, 737-01
Japan.

creases with increasing depth. The third type
is due to dissolved matter and very fine parti-
cles which are distributed homogeneously with
depth. KAJIHARA (1974) measured temporal
variation of vertical distribution of reentrained
particles and, also water movement near the
bottom.

We report herein measurement of temporal
variation of the vertical distribution of suspended
matter concentration near the bottom and the
water movement in Hiro bay of the Seto Inland
Sea. Our attention is focused on the close
proximity of the sea bottom, where we find an
evidence of intermittent current stirring up
bed-lain particles into suspension.

2. Method

In order to discuss the temporal variation and
fine structure of reentrained particles, it is
essential to measure the suspended matter
concentration at fixed layer above the bottom.
The water sampler, shown in Figure 1, in this
study is specially designed for that purpose. It
is placed at the sea bottom and one liter of
water in each layer of 5, 10, 15, 30 and 50 cm
above the bottom is pumped up into containers
aboard a boat on the surface. Water was
collected every half or one hour during a half
day period at station in the Hiro bay which is
shown in Figure 2. The suspended matter
concentration is then gravimetrically analyzed
after filtration through 0.45 gm Millipore filter.
Concurrently current velocity at 50 cm above
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We must know the settling velocity of the
particle in order to estimate the eddy diffusivity
from vertical distribution of suspended matter
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settling velocity of large suspended particles,
formed in turbid water due to recoagulation,
making use of a settling tower in the laboratory.
He showed that the settling velocity of particle
in the sea water did not follow the Stokes’ law
because of change of apparent density of the
particle. We measured the settling velocity
of the suspended particle in the sea water
following the same procedure as KAJIHARA.
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Fig. 1. Water sampler near the sea bottom. Fig. 2. Sampling station.
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Fig. 3. Temporal variation of suspended matter concentration at 5 and 10 cm

above the sea bottom and the water movement at 50 cm above.

(48 )



Temporal Variation of Suspended Matter near the Sea Bottom in Hiro Bay

1000 1500
_9-1.1 ., 1430 1530

W
(=]

~ w =~
o [=] [}
T T
)
3

Height from the bottom (cm)
o
T

I

149

| 1

0 10

20
Suspended Matter

30
(mg/)

Fig. 4. Vertical distributions of suspended matter concentration near the sea bottom.

3. Result

Water sample was collected on January 13,
1976. Water depth is about 8m and the
particle size of the sediment distributed
approximately according to the log-normal size
distribution in the range of silt size. Temporal
variations of suspended matter concentration at
5 and 10cm above the bottom and current
velocity at 50 cm above are shown in Figure 3.
Current velocity data are shown as 5-minute
averages. Large fluctuation is observed with
current velocity. On the whole, however, the
record is separated into three parts. The first
part is from 09:30 to 13:00 when average
velocity is about 3 cm/sec. The second part is
started by a sudden burst observed at 13:20.
The third part is from 14:00 to 16:00 when
average velocity is between 4 to 5cm/sec. The
suspended matter concentration at 5cm above
the bottom is about 4 mg/! in the first part of
the record. The concentration immediately
following the velocity anomaly jumps to 40 mg/Z,
gradually decreasing to 10 mg// after one hour.

The vertical distributions of the suspended
matter concentration at each observed time are
shown in Figure 4. Vertical distribution during
the first part remains essentially unchanged;
the condition that can be described as steady.
In the second part of the record, the sudden
burst of water movement evidently entrains
bed-lain particles up into suspension.

The settling velocity of the suspended parti-
cle in the sea water was measured with use of

is

S s :.:.'. LTl
¢ oot . —
] . AL X
E .
Z .
>
—_
'C') .
Q
~
w
>
0001
0001 001
DIAMETER (cm)

Fig.5. Relationship between the settling velocity
and the particle diameter. Solid line is calcu-
lated from Stoke’s law with the particle den-
sity=2.57.

a settling tower in the laboratory. The settling
particles in the tower were recorded photo-
graphically with a specific time interval. From
these photographs, each of particle area was
computed and was converted into a diameter
of sphere particle with the same area. The
relation between the settling velocity in the sea
water (salinity: 32.02 %o, temperature: 16.9°C;
density: 1.02327) and the particle diameter is
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shown in Figure 5. It is shown that the settling
velocity increases almost linearly with the parti-
cle diameter, although with a considerable
scattering. The settling velocity of spherical
particle in the region of Reynolds number being
approximately smaller than 1 is given as Stokes’
law. The mean density of bed-lain particles at
the observation station was measured with a
pycnometer as 2.57. If the suspended particles
has same density as bed-lain particles, the ex-
perimental result dose not satisfy the Stokes’
law. This may be caused by change of apparent
density of suspended particle which may be
entrain water in itself. The apparent density
of suspended particles may be obtained from
the Stokes’ law, as shown in Table 1, from the
knowledge of the settling velocity and diameter
of a particle. Table 1 shows that the apparent
density of suspended paticles is close to the
density of sea water. The suspended particle
near the bottom is considered to be porous
containing sea water with in its pore. The
porosity P of suspended particles is obtained as
follows.
POs— Q¢

Ps—p0
Where p; and p. are the pycnometric density
and the apparent density of the particle respec-
tively, p is the density of sea water. We
assume herein that ps is equal to the mean
density (2.57) of bed-lain particles. Some of
results on P are shown in Table 1. The poro-
sity of suspended particles, given by P, is
greater than 80 ¢%. This gives a good agree-

Table 1. Apparent densities and the porosities
of the suspended particles.

Diameter Velocity Density Porosity
(cm) (cm/sec) (%)
0. 0050 0. 0106 1.1138 94.15
0. 0106 0.0148 1.0514 98.18
0. 0088 0.0172 1. 0707 96. 94
0.0122 0. 0288 1. 0629 97.43
0. 0053 0. 0080 1. 0840 96.07
0. 0038 0. 0157 1. 2553 85. 00
0. 0046 0. 0166 1. 1907 89.18
0. 0025 0. 0091 1. 3340 79.91
0.0076 0. 0871 1.3451 79.19
0.0124 0. 0854 1.1418 92.13

ment with Kajihara’s (1971) result.

The average settling velocity of the sample
is calculated as 0.014 cm/sec. This settling
velocity is used in the estimation of the vertical
eddy diffusivity.

4. Discussion

IcHIYE (1972), analyzing the distribution of
the suspended matter, obtained the vertical
eddy diffusivity of the Caribbean Sea. Our
observation suggests that vertical distribution
of the suspended matter concentration in the
steady state is disturbed by a momentary burst
of water movement at 13:20 and many particles
are reentrained from the bottom. We analyze
herein temporal variation of the vertical distri-
bution of the suspended matter, applying
Ichiye’s analytical method.

Assuming that the horizontal gradient of the
concentration and the vertical water movement
are of negligible order, the conservation equa-
tion of suspended matter concentration near
the bottom is given as follows:

S 0 S S
5‘55(1%)””@ 1

where S is suspended matter concentration, z
is height from the bottom, ¢ is time, K is the

50}

40t
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Height from the bottom (c m)

] 4

0 1 2
- Suspended Matter (mg/1)
Fig. 6. Vertical distribution of suspended matter

concentration averaged over five samples from
09:30 to 13:00. Solid line is calculated with
W/K=0.006/cm.
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calculated with K=1 and 2cm?/sec from Eq. (5).

vertical eddy diffusivity and W 1is the settling
velocity of particles.

‘We assume that the vertical distributions of
suspended matter concentration from 9:30 to
13:00 are in the steady state and the vertical
eddy diffusivity K is constant with height, =,
from the bottom. Concentration distribution
in the steady state Si(z) is obtained, integrating
Eq. (1), as follows:

Sl(z):Swexp(—E/—-z) 2)

K

where S, is concentration at the bottom. It
follows that the ratio W/K is given as follows.

w_

K

_ i(ln S1>
dz

(3>

The vertical distribution of suspended matter
concentration averaged over five samples from
9:30 to 13:00 is shown in Fig. 6. The ratio
W/K is calculated from these averaged values,
which yields 0.006/cm. Using the measured
value of the settling velocity of particles, 0.014
cm/sec, the vertical eddy diffusivity in the
steady state is found to be in the neighbourhood
of 2 cm?/sec.

Next we analyze temporal change of suspended
matter concentration, assuming the initial con-
dition #=0 at 13:20 is given as follows:

S(z,0)=81(2)+2-Q-5(z) (4)

t=100
{

(4]
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Fig. 8. Temporal variations of measured value
minus the concentration Si(z) of the steady
state.

where d(z) is Dirac’s delta function and Q is
the total concentration reentrained from thke
bottom at momentary bursting of water move-
ment. We assume that the vertical eddy dif-
fusivity dose not change with time because the
water movement bursting is momentary. Solv-
ing Eq. (1) with Eq. (4), we obtain the following
equation.

Sz, )=S1(2)+2:Q-(4-m-K-£)~1/2.

(z+Wer)?
x exPl: . 4-Ket—:[

(5)
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Figure 7 shows calculated result of the second
term of Eq. (6) for K=1.0 and 2.0 cm?/sec,
which is within the range found for the steady
state. The results in Figure 7 are expressed
in values relative to the concentration of ¢=5
minutes at 5 cm above the bottom. Figure 7
shows that after one hour particles are distri-
buted uniformly with height and the concent-
ration approaches gradually to the steady state
distribution. Vertical distribution of measured
concentration values minus the concentration
Si(z) of the steady state are shown in Figure 8.
Comparison of Figure 7 with Figure 8 shows
that variation of vertical distribution of the
measured values agrees qualitatively with the
theoretical prediction.

General increase of current velocity after the
outbust may result in considerable change in
the eddy diffusivity K, whereas in the theo-
retical result, Figure 7, the eddy diffusivity is
assumed constant and it is not easy to quanti-
tatively assess the theoretical prediction to the
measured result Figure 8;
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Sand Transport By Wind (I)

—On the Vertical Profile of Concentration of Suspended Sand Grains—

Masakazu ARAI and Tomosaburo ABE

Abstract: Vertical distributions of the quantity of suspended sand by wind actions are
observed at a reclaimed land. It is assumed that the vertical profile of concentration of
suspended sand grains can be explained by the diffusion equation considering the convection
effect by gravity, and obtained data are analyzed. As a result, it is found that the vertical
diffusion coefficient of sand grains is proportional to the height. In addition, the data are
analyzed with the assumption that the diffusion coefficient of sand grains is equal to that of
momentum K+Ux+Z, in the cace of a nutral condition, where K is von Karman constant,
Ux is a friction velocity, and Z is the height from the ground. However, this diffusion co-
efficient is not applied to the result of field measurement. At present, the mechanism of
this phenomena is studying in comparing observed results with theoretically calculated ones.
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Fig. 2. Map of the observation site. Vertical

distribution of sand transport and wind velocity
are observed at the point S.

Photo. 1. A disposition of the sand collector.
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Fig. 4. Grading of the sand at the surface
of reclaimed land. They are collected at
heights 20, 40, 80 cm.

Table 1. Observed results at the reclaimed land.
height wind flux concentration ratio of
velocity X 1_0-3 x107% w40—80ﬂ/u'0

cm cm/sec gr/cm?+sec gr/cm® %)
400 1158 0.71 0.62 73.0
350 1138 0.83 0.73 70.2
300 1113 0.99 0.89 67.7
250 1084 1.31 1.21 72.4
200 1050 1.67 1.59 71.1
Run-1 150 1012 2.18 2.16 66.5
100 969 3.81 3.93 68.7
80 950 4.45 4.68 70.7
60 931 5.59 6. 00 66. 1
40 911 8.83 9.69 70.4
20 890 13.12 14.74 58.3
133 997 2. 66 2.67 65.7
120 986 3.31 3.36 69.7
105 973 3.92 4.03 71.7
92 961 4.41 4.59 70.0
79 949 5.32 5.61 68. 2
Run-2 68 939 5.30 5.64 60.2
57 928 7.40 7.97 66.7
45 916 8.85 9.36 60.0
33 904 10. 97 12.13 60.6
22 892 15.98 17.91 55.7
8 878 36.90 42.03 35.5
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