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A note on change of a front in an oceanic shear flow*

Takashi ICHIYE** and Fagao ZHANG***

Abstract: Fickian diffusion equations for concentration gradients are derived to study effects
of vertical shear of the mean current and eddy diffusion processes on front-like distributions
of conservative properties. The initial front is vertically uniform and is simulated with a
delta function of the coordinate of mean flow which is assumed variable only in the vertical
direction. In the initial stage the vertical diffusion is not important. Because of the vertical
shear, the vertical gradient of the concentration is developed and increases with time. The
front is advected by the mean flow but the gradient of the concentration near the front
decreases with time because of diffusion processes. Horizontal gradients of salinity in the
upper 50 m on the slope of the East China Sea show the Gaussian-like distribution similar

to the solution of the present model. Horizontal eddy diffusivity is determined from the
difference of second moments of two successive salinity gradient profiles 5 days apart, leading
to 3.9x10’m%™. A solution of the equation with both horizontal and vertical diffusivities is

also determined.

1. Introduction

There are many cases in the ocean where
water characteristics like temperature, salinity
and nutrients change abruptly in horizontal
directions. These are called fronts (BOWMAN
and ESAIAS, 1978). In the upper layer the
fronts are moved by the current which has
usually strong vertical shear. In the bottom
boundary layer the brine discharged from a
diffuser at the bottom is advected by a current
with a strong vertical shear and forms a front
near the bottom (ICHIYE and NAKAMOTO, 1985).
In both cases the concentration of the property
near the front is affected both by a shearing
current and diffusion processes.

This note is to show how wvertical structure
of a shear flow influences the vertical distribution
of the concentration. The feature of the front
is represented with simplest mathematical ex-
pression, a delta function. The diffusion pro-
cesses are expressed by eddy diffusivities of
constant values and the mean current has verti-
cal shear only.
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2. Basic equations

The transport equation for concentration S is
given by
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where Z is a velocity vector with components,
u, v, and w; x, and 7 are horizontal coordinates,
7 is the gradient operator and K, M and N are
eddy diffusivities in the x, 7, and = directions.

Imposing a gradient operation on (1), we have
oS oS orsS

d
L rs= ] 7
= Fs=K e +M o + N Fo

S Tu—FSxFxu), (2)

where X denotes the vectorial product and
d/dt:@/b‘t—I—ZV. Equation (2) represents the
vectorial equation and its component can be
expressed in matrix form as

F+0u/ox  ov/ox ow/ox X
ou/oy  F+ov/dy Ow/dy Y
0u/0z 0v/0z F+ow/ozl . Z

=0, (3)
where

F=d/dt— (Ko?/0z?+ Mo? /612 + No*/0z?), (4)
X=0S/0x, Y=0S/0y, Z=0S/0z. (5a,b,c)
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3. Solutions for a front of a delta function

At the initial moment =0, the front is simply
represented by a delta function perpendicular to
the mean current u equaling U(z) which is
dependent on the vertical coordinate only. Then,
it is assumed that S is vertically uniform at

t=0. Thus the initial conditions are expressed
by

Xi=0=Cd(x), Z|1=0= 6, (M

If there is no source or sink for S, then the
front is uniform in the y-direction. In the initial
stage the vertical gradient is small and the verti-
cal eddy diffusion is not effective. Then only
the diffusion in the z-direction is an important
dissipative process and Eq. (3) is simplified as

0X/0t+ U(2)0 X /0x=K*X/dz>, (8)
0Z/0t+U(x)0Z/0x=K*Z/022—U'X, (9 )
where the prime denotes derivative about z.

X=C(2zKr)~1?
Xexp [~ {z—U(z)t}?4K)="], (10)

Z=—U"tX=~CU"t"* 2zK)~V?
xexp [— {z— U@ (AKe-1] . (11)

Expression (11) is a particular solution of (9).
Solution (10) shows that the front is advected
with the velocity U(z) and that its width in-
creases but its intensity decreases with time be-
cause of the horizontal diffusion. Solution (11)
indicates that the vertical gradient is developed
because of the vertical shear and its magnitude
at the advected front site x=U(2)¢ increases
with time, whereas the intensity of the hori-
zontal frontal structure there diminishes with
time as shown by (10).

Since X is dependent on z through U(z), an
effect of wvertical eddy diffusivity N should
be taken into account in the later stage even if
the initial condition (6) indicates uniformity about
z. The time when the vertical diffusivity be-
comes important can be estimated by comparing
terms 0X/0¢t and N02X/32z? which is neglected
in Eq. (8). Both terms become maximum at
z=Ul(z)t. Therefore, the ratio of magnitudes
of the two terms can be determined from their
values at this point denoted with a suffix .

The ratio is given by

|NX"" |/ |02/0¢|m
=NK'U2+UU" 2. (12)

For the values of N/K=10-* and U’ =10"2"1
with a condition [U’/U|»|U""/U’|, the ratio
(12) becomes unity for t=10%s. In case of the
uniform shear U’=a=const., an analytical solu-
tion of X can be obtained for Eq. (8) with the
vertical eddy diffusion term as an integral form
instead of (10) (Appendix). A particular solution
of (9) with the same vertical eddy diffusion term
is given by the second term of (10) with the
constant shear «.

4. Application

An actual front cannot be represented by a
delta function even in its generating period. Its
movement can not be expressed by a simple
advection as modeled here either. However,
some features of front-like distributions of pro-
perties can be explained by the present model.
For instance, MOOERS et al. (1978) classified
topology of prograde and retrograde fronts. This
may be explained as effects of the shear in the
mean flow. When the concentration gradients
are expressed by (10) and (11), the slope of the
concentration isolines dx/dz can be given by

da/dz=—Z/X=U'¢. 13)

This relation is valid even when the vertical
diffusion is considered as in Appendix. Relation
(13) simply indicates that the isolines are advected
with the mean current U(z) even with the dis-
sipative processes, though the gradient of the
concentration normal to the isolines decreases
with time according to (10) and (11). There-
fore, the six basic patterns of the retrograde and
prograde fronts classified by MOOERS et al.
(1978) can be attributed to different vertical
distributions of shear in the mean flow normal
to the fronts.

In order to apply the solution given by Eq.
(10), vertical distributions of salinity on a conti-
nental slope will be used, because temperature
and nutrients are influenced by other factors
like heating, cooling, consumption, etc. than
advection and diffusion. These distributions
must be determined within a relatively short
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Fig. 1. (A) Salinity sections of C Line in October 1973 measurements (modified from originals).
Left: October 24-26, (SI) right: October 29-31 (SII). F indicates front. (B) Location of C Line.

period of time in order to eliminate other factors
like the lateral advection. Figure 1 indicates
two succesive vertical salinity sections on October
24 to 26 and 29 to 31 in 1973 along a line over
the continental slope in the East China Sea and
their location (Japan Meteorological Agency,
1976). The two sections are denoted as SI and
SII and the isohalines are modified from the
original ones in order to clarify the frontal
structures.

The gradient X=0S5/0x is almost uniform
vertically in the upper 50 m. Its values for SI
and SII are plotted in Fig. 2 with the origin
for SII being offset by 52km northwestward.
The two profiles of the gradient show Gaussian-
like distributions about x. The profile for SI has
higher peak and narrower width, whereas the
one for SII is flattened, suggesting the diffusion
process as indicated by Eq. (10).

First, the advective velocity can be determined

30

Fig. 2. Salinity gradient X=0S/0x against the
distance z along C Line (km). Full line for
Oct. 24-26 (SI), dashed line for Oct. 29-31
(SII). F indicates front.
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from the northwestward displacement of the peak
gradient, which is 51.9km in about 5 days.
This yields the mean velocity in the upper 50 m
as 12.0cms™! which is comparable with the
mean velocity of 0.23 kts in the direction of the
line determined from the average of GEK data
of SI and SII (Japan Meteorological Agency,
1976).

When X is expressed as an arbitrary function
of a distance s(=x) as shown in Fig. 2, the
second moment can be obtained as

m2=<7<>‘1SX(s~m1)2ds, (14)
with

X:L-lSde, mlz()_()_ngsds. (15), (16)

In these integrals the limits of integration are
truncated at 59 of the peak value of X and L
denotes the integration interval thus defined.

The following table lists X, m: s2 and ms for
ST and SII (?z(}?)‘lsXﬁ ds).

Table 1.
X (%om™ mi(m SR ma(m?
X107%) X 10%) x10%) X 10%)
SI 10.5 5.0 287 262
SII 5.6 1.3 432 431

If X is given by (10) and integration limits of
(14) are taken to infinity, then

me=Kt . an

Actual integration of (14) to (16) has to be
truncated for profiles as shown in Fig. 2 and a
correction for the truncation is needed to (17)
as discussed by ICHIYE and NAKAMOTO (1985).
Since observed values of X as a function of s are
only approximate, such a correction may be
superfluous and ambiguous.

The horizontal eddy diffusivity K can be
determined from

mo(Il)—my(l)=K(trz—tr),  (18)

where I and II represent SI and SII, respectively.
The values of M from Table 1 yield K=3.9X
102 m?s~! which is reasonable.

Salinity section of SII of Fig. 2 indicates much
sharpened halocline at about 60 m on the shelf.
This seems to prove the increase of Z with time

as expressed by (11) or change of isohaline slope
as shown by (13). However, there are no suf-
ficient data about the current near the bottom,
thus further discussion is refrained. We hope
more satisfactory data will be obtained in the
future.

If the mean velocity is assumed to decrease
to zero linearly with depth from 60m to the
bottom, Eq. (13) yields dx/dz~1.3%x10% or the
isohalines will be almost horizontal as the data
show.

5. Conclusion -

More applications of the present model will
become possible when more data becomes avai-
lable about vertical structures of the mean cur-
rent and details of vertical profiles of salinity
and other conservative properties together with
their changes with time. The present model
does not explain the distributions near the bottom
which have different characteristics both in the
mean current and diffusion processes. We will
treat the latter problem in the future.

This work is supported by a grant from
National Science Foundation US-China Coope-
rative Program.

Appendix
A solution of (8) with the vertical diffusion
term N62X/02% and for the initial condition (6)
and with the uniform vertical shear U'=a is
given by
Xz, 2, t)
:CSOh(KN)‘”g(Zlﬂl)‘l(l+J\7K"a2t2/12)""2

[_ {2?'— Uot"'l/Z(Xt(Z—Zo)}2
°£p AK(1 L NK a2?/12)

(Z NZO ]dw,

where U=U,+az and subscripts 0 and —# in-
dicate the surface and the bottom, respectively.
The integrand of (A+1) is a solution for the
initial condition

X t=0=Cd(x)0(z— z0).

A-D

(A2)

The integral of (A.1) can be expressed with
error functions erf and erfc (ABRAMOWITZ and
STEGUN, 1964) but further discussion will be
given elsewhere.
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