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Grid size and the biharmonic form for subgrid-scale
diffusion in a finite difference vorticity
equation in the ocean*

Satoshi MURATA** and Kenzo TAKANO**

The finite difference vorticity equation in the
ocean can not be solved unless the grid size is
smaller than a critical value depending on the
coefficient of subgrid-scale diffusion. A previous
paper (TAKANO, 1975) deals with the case where
the conventional harmonic form is used for the
subgrid-scale diffusion.
scale-selective  biharmonic form is sometimes
used instead of the harmonic form.

In this context, the present note is concerned
with the relationship between the grid size and
the coefficient of subgrid-scale diffusion in bi-
harmonic form.

Recently much more

A linear, one-dimensional vorticity equation
on a B-plane is given by
56
5 0

P
FRG a%—curlr_(), @D

+8

where the z-axis is directed eastward, ¢ is the
masstransport stream function, 7 is the wind
stress and B is the coefficient of subgrid-scale
diffusion in biharmonic form.

External forcing, curl 7, is of no importance
for the purpose of the present study, so that it
is ignored. The centered finite difference analog
of (1) is
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where d=Idx, 4z is the grid size, [=(B/8)~V?,
and subscripts (n+3), (n£2), (n+1) and n refer
to (n£3), (n+2), (n+1) and nth grid points.

If the amplification factor ¢ is introduced,
then ¢n11=0%x. Eq.(2) becomes
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The amplification factors 0m (m=1,...,6)
derived from the differential vorticity equation
(Bo%/0x8+ B0¢/0x=0) are given by exp (0nd),
where o, are the roots of

aS+0=0,
ie.,, 01=0,
ge=—1,
03, 4=p*iq, (4>

05, 6=1+1s,

where p=cos (3z/5), ¢=sin (3z/5), r=cos (x/5)
and s=sin (z/5).

The amplification factors 0 and 0’ are shown
for 4 in Figs. 1 and 2. The real and imaginary
parts of them are shown if they are complex
numbers.

One of the amplification factors 81 obtained
from (3) is 1, which is identical with di/ (=exp
(01d)). Both are not figured. There is no sig-
nificant difference between J; and 02’. The
imaginary part of 05 and ds is very close to that
of 85’ and 0¢’, though the real part R(ds,6) is
fairly larger than R(ds',¢) for d>2.0.

The amplification factors 03 and ds are close
to each other for d<1.5, and not so far from
each other for 1.5<d<2.57. However, 03,4
turn out to be real, negative numbers for d=
2.57, while 85’ and 64 are complex numbers,
irrespective of d. The negative amplification
factors give rise to false computational oscillation
with a wave length of 2d.

Therefore, the condition required of 4 is

d<2.57 (dzp<2.57 (B/B)Y).  (5)

When the subgrid-scale diffusion is written as



Grid size and the biharmonic form for subgrid-scale diffusion 151

1 2 3
d

Fig. 1. Amplification factors dm and om’ (m=2,

3,4) for d. The real and imaginary parts R,

R’, I and I’ are depicted if dn and o’ (m=
3,4) are complex numbers.

A0*/0x* instead of —Bd%)/0x°, the required
condition is

Az S2.75 (A/B)13, (6)

as shown in the paper cited above (TAKANO,
1975). Subscripts 4 and g refer to harmonic
and biharmonic form.

One way of determining B from A is shown
by SEMTNER and MINTZ (1977). If damping
brought about by —Bd%/0x% is made equal to
that brought about by Ad‘p/0z* at a wave
length of 24z, the shortest wavelength resolvable
by the grid size 4z, then it follows that

B=A(dx)*/4, (7)
which gives, by use of (5),
Azp<<3.04 (A/B)V5. (8)

Comparison of (8) with (6) shows that for a
given A (or B) the grid size can be larger by
about 109 with biharmonic form than with
harmonic form.

Next, the inequality (5) or (8) is rewritten in
terms of the width of the western bounday
current Wa.
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Fig. 2. Same as Fig. 1 except for m (m=5,6).

If the width of the ocean L is much larger
than [7!, then the solution of Eq. (1) is given by

$=— C“;I oL+ Le/(2p+2)
—(2p+1)Le?™w cos (qlz+21/5)/{2(p+1)p}
— ¢t @=L {2y cos{sl{x— L)} /I—(2r*—1)
X sin{sl{x—L)}/sl], (9)

with the boundary conditions

.09 0% ,_
=T for x=0 and L.

The width of the western boundary current
approximately calculated from the fourth term
in the parentheses in (9) is Ws=4.29/1. If
the 3rd term is taken into account, the width
is more accurately given by

We=4.34/1, ao
which leads to
dxp<<0.592 Ws. an

In the case of harmonic form, the width of
the western boundary current W4 is approxi-
mately

Wa=2r/ V'3 « (A/B)3, 12)

which leads to
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Maximum grid size dzx and the width of the western boundary current Wpg against

the coefficient of diffusion A for 4x=50, 100, 150, 200, 250 km. The maximum grid size for
a specified A is shown by a broken line. The width of the western boundary current Wa in

T T 1rTrmy T T T T TT1TT

the case of harmonic form is also shown by a thin line.

A24<0.76 Wa. a3

Figure 3 shows the maximum grid size daxy
(=2.57(B/B)Y%) as a function of A and 4z for
B=2x10"8 cm~!sec!.

The coefficient of diffusion should be chosen
in such a way that a specified grid size is less
than dzy. The broken line shows 4dxy (=3.04
(A/B8)¥3), the maximum grid size for a specified
A. The scale for the width of the western
boundary current {=d4xy/0.592) is also given at
the right margin.

For comparison, the width of the boundary
current Wy is also shown by using Eq. (12).

Although the biharmonic form complicates the
formulation of the boundary conditions, it is not
only much more scale-selective than the con-
ventional harmonic form but also allows a larger
grid size for a specified coefficient of diffusion.
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